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LEAST-WOEK ANALYSIS. 0?' THE PROBLEM OF SHEAR LA&, 
' ' ■ IH 30X BEAMS 

By Francis B. HUdeTsrand and Eric Re issuer 

SUMMARY ' ' . ' " 



The distribution of stress in the cover sheets of 
thin-wall hoz heania is analyzed, with regard to the ef- 
fect of- shear deformation in the cover sheetsi "by the 
method of least work. 



Explicit results are obtained for a number of repre- 
sentative cases that .show the influence of the f-ollowing 
factors on the stress pattern: 

1. Variation of stress in spanwise direction as 
given by elementary beam theory. " . . 

2. Value of a parameter called shear-lag aspect 
ratio yhich designates the product 'of.- s'5>a£t.-width ratio^ oT" 
the beam. and of the square root of the ratio of effective 
shear modulus -and tension modulus of the o-over sheets. 

3. Value of ratio of cover-sheet stiffness to side^- 
web stiffness. 

4. ' Variation, "of beam height in span direction. 

5. Variation of beam width in span direction. 

6. Variation of cov€ir-sheet thickness in .span d-irec 

t i on . 

G-eneral concTusiona are- drawn fr«m the. results ob- 
tained. Among them the most important one appears .t o ^e 
the. fact thg,t the shear-lag effect depends primarily on 
the following two quantities: :^. 

1. the Value cf the shear-lag aspect ratio. 

2. the shape of , the curve representing the product 
the stress of elementary beam theory ,p,n4" 'of the cover-'sBe 
thickness. 



2 



STAGA Techaical Ifots -H"<^. 893 



The basic rslations of the theory are presented in a 
form conTenient for the a9t"eriai nation of additional solu- 
t i ons . 



^Hille the main body of the work is concerned with 
the analysis of cantilever beams, there are also given ex- 
amples of 80lutT.ons for beams on two simple supports and 
for beams with statically indet-erroinate support. In the 
former case very simple approximate solutions are ob- 
tained for problems previously solved by exact jnethods. 
In the latter case, which has not been treated previously, 
it is found that not only the stress distribution but also 
the .moment distribution of the elementary beam theory is 
modified, by shear lag. ' 

IHTEODUCIIOSr 



S-urther applications and extensions of a method given 
by— onre of- the authors (references 1- and 2) for the ieter- 
minatijsn of—shear lag in thin-wall box beams subjected to 
bending loads (fig. l) are present^H^ in this paper. The 
problem is that of determining tha distribution of stress 
in th-e cover sheets of box beams when the shear deforma- 
tion of the cover sheets is taken Into account. 

With regard to cloaeA box beams the treatment is re- 
stricted to beams of doUbly symmetrical rectangular cross 
section, it being understood that' slight deviat"lons from 
symmet-ry cause only slight deiriations of the shear-lag 
pattern from that of the symmetrical beam. It is shown, 
however, that by simply modifying th« definition of one 
of" the parameters occurring in the. analysis th«-davelop- 
ments ere al so ' applicable to the l|raiting case- of asymme- 
try when one of the two cover sheets is entirely missing. 

Part I of this worJc deals witii shear lag in canti- 
lever beams with one end fixed. By use o"f the basi'c 
equations, which have been derived in reference 2, ex- 
plicit expressions are obtained for the stresges in the 
cover sheet'g"7 WjLth -the help of these expressions, the 
influencB of the s-hapB of the load curve and the Influenc-e 
of the cross-sectional characteristics of the beam on the 
shear-lag pattBTn are analyzed. In particular > informa- 
tion is obtained on the effect of height, width, and cover- 
sheet thickness taper, F-or a number .of typical conditions, 
the results are evaluated numerically and are repres^entBd 
in form of diagrams. - . ■ - 
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In part II of this worik: the applicatijDn of the "basic 
equations of the theory to "beanie on two simple end sup- 
ports is indicated, and a few such solu.tions are given 
although presuma"bl7 the^ are of importance only for other 
than aeroAaU'tical applications. • 

The case o'f a "beam with two fixed ends is considered 
as an example of "beams with statically undeterminate sup- 
port in part III of this paper. In this case,- whi'ch to the 
authors' knowledge has not "been treated "before, it is 
found that not only is the transverse distri"but ion of 
stress affected "by shear lag hut also the spanwige distri- 
"bution of "bending moments is modified if shear deforma- 
tion of the cover sheets is taken into account.' ■ 

Finally, explicit reference is made to the work of 
Kuhn and Ohiarito ( reference . 3 ) in which approximate solu- 
tions of sh6ar~lag pro"blems are .obtained "by means ■rf' a 
method that is hased on stronger simplifying assumptions 
than those made for the least-work method. 

This investigation, conducted .at Massachusetts Insti- 
tute of Technology, was sponsored by, and conducted with 
financial as si stance ' from the National Advisory Committee 
for Aeronautics. 

SYMBOLS - ■ ■ - 



(Tv cover-sheet "bending stress of elementary beam theory 

^ (ft) 

M bending moment 
h height of beam • .. 

1 moment of inertia of beam (l^ + Ig) 

ly principal moment of inertia. .of two side webs iriolud-r 

ing flanges ' ' ' ' ' 

Ig moment . of inertia of two cover sheet sabcut transverse 
beam axi s "■ ■ ■ - ■ 

O"^ spanwise normal stress, in cover , sheets 

x,y rectangular" coordinates in plane of cover sheets; 

X (spanwise)- measured from tip to root, y (trans- 
verse) measured fro;n middle line to edge of sheet 
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stiffness parameter (^Im-JlJls^ 



m stifiness parameuer ( - - w - b ) ^ 



w half width of beam 

s function giving effect of shear def orma'bllity of 

cover sheet Cas^^'^^ " (x,o)] 

t cover-sheet thickness 

e^ distance of controid of side wehs from plane of . . . 

cover sheet 

area of . two side wehs 
Oy transverse normal . stre ss - ■ _ 

<3r riiod\xlus of rigidity 

S Young's modulus 

r. 

w^ developed half width ^ 
n numher of~eq_ually spaced longitudinals of area A 

Wg^j^ effective sheet width 

I length of lieam for cantilever; half length of "beam 

v/ith Tsoth ends supported. 

I dimensionless span coordinate (^"f") ^ 

Ig distance from origin of coordinate system to root 

ofL-cantilever heam ~ 

E ratio of" height of "beam to height of heam at root 

called height function ~ 

hji root height of beam — 

T ratio of cover-sheet thickness to cover-sheet thicks 

ness-at root (^•^'^ > called thickness function 1 

tj) cover- sheet- thickness at r o:ot of "beam 

W ratio of width of Tbeam to width of beam at root 

( ), called width function 
VwRy 
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wj^ half of root width of heam 
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I* hending-momeat functicn (^o^^ 

' ■ elementary "bending stress at root section 
f shear-lag function 

stiffness parameter at root section 
dimensionless coordinate of tip section 

K auxiliary parameter 

^ auxiliary parameter , 3- 

35m - 42m +15 

"H variahle of integration 

Iq dimensionless coordinate of point of concentrated 

load application 

L distance of center of gravity of (TI*)" curve from 

root of heam 

P(j uniferm l«ad 

-Pq concentrated load 

6 ratio of successive cover-sheet thicknesses (t^ J 

p(|) particular integral of differential equation 

A,B constants of integration 

q exponent in width-taper law 



y auxiliary parameter ( ,y/iaX^ - l) 

n2.>ng exponents 

Cj^.Cg constants of integration 

^1 t dg constants of integration 

hending moment at jroot section 
r exponent in sheet-thickness-taper law 
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, , , a4 . . . coef f icisnt s • ■ ^ 

Mg beading moment according to elementary 

beam theory (equal t-o M for staijo* *<r 
ally determinate beams) 

Subscripts: 

I left 

r right ■ 

E at root section 

m,n general case numbers - - 

part particular 

max maximum 

c concentrated load 

o at tip section 
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X - DISTEIBUlJIOir qy. STHBSS IN TK3 CQtEE SHEETS 
05" CAirl'tLBVSR BOX BEAMS 
BASIC BQUATIOSrS USED IIT SOLUTIOS" OP PROBLEM 

In reference 2, "b-bx Iseams with rectangular doutly 
symmetrical cross section acted upon "by given difitribu-. 
tiens of liending moments were treated (fig. l). A para- 
colic transverse di striTjutlon of the cfver-sheet normal 
stresses was assumed 

a^(:c,y) = CT^Cx) - (I - s(x) (l) 



where 



is the cover-sheet stress" of elementary beam theory, 
ohtained when the shear def ormahllity of the sheets is 
disregarded. The function 

s(x) = ajf(x,w) - cTxC^c.o) (3) 

is a measure for the effect of the shear de f ormahiilty • 
of the sheet, and the value of the parameter ■ - 

m = l^ . 1^ & " ' ■ (4a) 

■^w •'•s ... 



insures that the state of stress in the beam due to the 
superposition of. s(x) does not give rise to a resultant 
moment about the neutral axis of the cross section'. 

If the neutral axis of the cross section is not at 
the same time an a,xis of geometrical symmetry, then in 
general the stress in the two cover sheets will be given 
by two different analytical expressions. An exception is 
formed by the limiting case of asymmetry of a beam with 
open cross section consisting of two side webs and cne 
cover sheet. In this case the cover-sheet normal stress 
is given by one expression of the form of equation (l) 
with the parameter m defined by ' '" 
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3Iv + 2fcw 1 1 + 



V 



I„ + 2tw 1 + 



, 1 ^ m < 3 



(4-b) 



w 



e^f^Ay 



where now is the principal m?.ment of insrtla of the 

two side wehs, A^ is their area, and eyf is "the distance 

of' their centroid- f r cm the plane, the csver sheet.. This 
result is estahlished hy jneana o,f the condition of moment 
equilihr ium in the form given hy equation (is) in refer- 
ence 4 . 

With the help of. this result, it is esta"blish«d that 
if one cover sheet of a doubly symmetrical section is 
removed shear lag in the remaining co'o-er sheet is very 
little modified. This permits the conclusion that also 
in the intermediate case of two .uneq.ual ,oover sheets the 
analysis of the dauhly symmetrical section leads to rele- 
vant results. 

The shear stress in the sheets corresponding to the 
normal str.ess of equation (l) is det-ermined from equi- 
librium conditiens. 'The func-ti^n sCx) is determined by 

minimizing the internal work of the 'beam (in the work ex- 
pression th-e work of the transverse normal str-esses ay 

being disregarded, which amounts to the assumption that" 
the sheet is rigid transversely). In this way, as has 
been shewn in reference 2, a differential' equation and 
boundary conditions for s .are feund. The differential 
eqp.atioa for s(x) is of the form 



m 



A. fi X Us)! - - ^ ^ f^W 

dx {_t dx ' ^'J 35m - 21 dx [t 4* \w^/J 

« 3 XFl J- (to-^)l (5) 
dx |_t dx ''J 



6& 
E 



where t is the sheet thickness, w is one-half the 
sheet width, and G/B is the ratio of- effective shear 
modulus and Young's modulus for the material. 

For flat unstiffenod and unwrinkled sheets the value 
of Gr/B will be 3/8. Yor flat unstiffened sheets, 
wrinkled because of shear, the ralue of G/E is generally 
assumed to be somewhat smaller than that for the unwrinkled 
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sheet. Ihe same is true for corrugated sheets where 
fr/S =. (3/8) (w/w^) If is. the developed half wil't^: 

for flat sheet-corrugated sheet comhinations , and for 
sheets stiff enor "by a (say n > 5), eq^ually spaced lon- 
gitudinals of area A where (G-Je) = (3/8) 2wt/(2wt + nA) 

The "boundary conditions for 8(x) are of the follow- 
ing form: 

At the free end of the "beam, 

ts = 0 (6) 
At the fixed end of the heam, 

. J_ (ts) - - r^l") = 3 A (tc^) (7) 

dx Z5m - 21 dx Vw^/ dx 

In addition, it is useful to have conditi'onB for the case 
when at some section of the "beani a discontinuous change 
of section properties take place, with or without simulta- 
neous application of a concentrated lead at this section. 
If the Values of quantities immediately to the left or 
right of the section are • indicat ed hy subscripts I and 
r, the following transitisn conditions are found: 

*l n = *r . 



m, d . . 21m, -15 Id /t,Si\ 3 d , 

— (tis,) - ^ w^ ( — M-) ^^l^-h I 

ti. dx ^ ^ 35mi-31 dx \ w^/ tj dx * 



) 



= (trBj,) ' ( CtrOh r^ 

Ij. dx ^ ^. .. 35mj.-21 tj. dx V w^ / tj. dx ^ ° 

Equation (s) expresses the condition of continuity of the 
sheet normal- stre s s resultants and eq_uatipn (9) is the 
condition of continuity of the spanwise di splaceffiSht com- 
ponent, in the form required "by the least-work method. 
Equation (9) corrects and generalizes a corresponding 
equation mentioned in a footnote in reference 2. .: — 

The shear-lag problem ire now reduced to the . solution 
of equations (5) to (9) and to the substitution of the 
results in equation (l). 
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From equation (l) an expression foT the effective 
sb.«6t width ^Qff is obtained in the form 



Veff ^ / ff^U,7) dy ^ 3. _^ Scr:^ (x,o) 
w w o"_ (x,w) 3 3 crjj-Cx.w) 



(10) 



which is valid at those sections where cr3j-(x,w) > (yjg.ix,o) 
jflquation (lO) can also he written in the form 



_ m-l s(x) 



h 

For the edge and center sheet stresses in equation J 
(10), f-X)llows from equation (l) 

<j^(x,o) ■ cr-jj(x) m s('X) 
Ox^^'^^ _ Pb^^^ _ A _ ^> ^^^^ (12) 

°'b(^5 ■ ~ *^h^^^ ~ > " 

!Ehe applioatioji of the preceding set of basic equa- 
tions to a series of representativo cafi^s and the conclu- 
sions drawn frrm these applications form th« body of the 
following developments. 

Before proceeding, io examples;, it has been found 
helpful to introduce dimensionless variables of a kind ex- 
plained in the following paragraph. 



PIMEETSIOraSS ?OEM OF THE BiSIC EQUATIOITS 



Write 



, - , (13) 
^e • 

H(|) = A . ■ (14-) 
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Tit) 



t 



WE 



'0 



(15) 
(16) 

(17) 

(18) 
(19) 



In eq.uationB (l3) to (l-9) it %s understood that rep- 
resents the span I of the heam, if its cross section is 
uniform, and that in the case of tapering cross section 



is the "extended" span, that is, the distance from 



the origin of the coordinate system to the root of the 
team of length I, and the origin is chosen according to 
the simplicity of the analytical expressions for V or T 



or hoth. 



at the root section. 



is the value of i;lie elementary tending stress 



It is convenient to represent 
in the following way. ffrom 



n 



!*( I) in equation ("tfr) 



h^tw, m = (31 + I )/I 



f oil ows 



and consequently 



4 htw 



M(|) 



m 



E(i) T(i) Vii) 3 - 



(20) 



where M(|) is the moment distrihution as function of the 
dimensionless span coordinate. 



Introduction of . the .dimensionless variables into 'bhe 
differential equation (5) leads to 
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m 



d ■ [1 _d_ 
d| IT dt 



(Tf) 



21m - 15 ^3 _d_ 
42Jn " 21 d| 

6& /leN^ f 



1 _d_ 1 
7 d| VWayJ 



- 3 Vvfuy \F ~ d| d| 



(21) 



The Taoundary and transition conditions becom-e, if J c 

is the coordinate of the free end and | = 1 is the coor- 
dinate of the fixed end, 



d ^ |im-l^ ^ r?|>) - 3 ^ (If)] 



4 2m- 21 • d| \WV 



■^l^l = ^r^r 



= 0 



1=1 



(22) 
(23) 
(24) 



a.| ^^^^^ 42m^-2l Tv^l " I H 



21rar.-15 d 



d| r^r^ 4Smr~21 T,... d| V ^ 5?r ^1 



(25) 



The sfcrasees of equations (ll) and (l2) and the effective 
width as given, "by equation (lO) now have the form 



<7y(x,o) m 
^ - . >= ^(t) - - f(|) 



a„(x, w) 



(26) 



and 



m-1 f(|) 



^ef f 



1 2ax(3c,o) 
— + 
3 



1 - 



3 Jii) 



(27) 



It is useful to hav« t.he following simple result with 
regard to the superposition of shear-lag solutions^ To 
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superimpose the stresses due to a moment distribution 
M^(|) and a moment distri"but ion for which ffn, I'ni 

and f^, fjjj are known, S* corresponding to + Mjjj is 

written as 

\ (n - ^rai^^ ^^^^^ ^^^^^ ^^^^^ fsa) 

Because of the linearity of the problem, there follows 
also 

^-.^^^^ = M,(i) + M,(l) ^^^^ 



BEAMS WITH UlTiroaM CROSS SBOTION 
BPPBOTS 01 LOAD DISTHIBUTIOH . OE WIDTH-SPAN EATIO, AND 
Off CEOS S- SECTIONAL OHAEAOTBETST ICS 
Development of Equations 

With 

H=W=T=1, l=le (30) 

the differential equation and "boundary conditions reduce 

to . " 

^ - K^f = .3X2 ~ (31) 
d|^ ■ d|^ 

f(o) = 0 (32) 
(M. _ 3X= M^) = 0 (33) 



where 



X- = - 31 ■ • . . ,3^-6 ^ (^M (34) 

35n^ - 42m + 15 ^ Vwj^ 

The transition conditions while still utilizahle to obtain 
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the feolution for concentrated loads are not essential in 
this case since obncentrated loads can conveniently be 
considered as limiting cases of distributed l^ads. The 
general solution of the systrem of equations (3l) to (33) 

has the form 

0 

+ sinhK(l-Tl) S-'fCr,) dTl| (35) 

b 

and in particular, if :B"(o) = 0, 



f(l) =^ / sinh - sinh K T] ^3^^. 
ft .7 cosh K 



In extension and partial recapitulation' of the work 
in reference 2, the shear-lag functi<?ns f corresponding 
to the following basic loading co^iditions may be given. 

1. Uniform loading 

Fi(l) = (37) 

2. Leading increasing linearly f-rom tip to root 

■S^ii) = 1^ (38) 

3. OoncentratBd load at""g~Troint 1^ , 



0. 0 < I <; 



e-ic 



Subscripts are used here and thr oughoufr- the present paper 
to identify oases treated explicitly. 

3y evaluation of equation (35), 

f it) 6Ai f cosh k(1-P + K , sinh K j _ ^] ^^qj 
^ K^l^ c«6hK J 
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3A^_ cpsh. Kd-io) 



sinhK I, I < I, 



^-(42) 



K Cl- lo ) cosli ,K 
32il [siah K (e - I J - COSH- ic(l-lc)-l si^i, ^ I 

■L ^ ^ ■ • - ' ■ 

c 

In particular, at the fixed eiud where, as has Taeen stated 
in reference 2, the effective width is in general small- 
est , 

f (1) =i2f_rtanh K -i 1 (40a) 

It . L • ■• ^ c.sh K J 

(X) . If -1^ ftan^ » - (42a) 
Kl-|^|_ ooshKj 

In reference 2 an approximate expression was given for 
f(l) which -led to the theorem that, for "beams of uniform 

cross section, the ratie ( is approximately pro- 

„ Vw/r 

portional to jj" where L is the distance of the center 

of gravity of the S'"(|)-curve. which for heams of uniform 

cross section coincides with the load curve ,' fr^m the 'fixed 
end of the "beam. This approximate result is also oTatained 
"by patting the contents of the "bracket s ' in eq.uat ions (40a) 
to ^42a) eq.ual to 1. 'ifhile this result Ts sufficiently 
accurate -for large, values of K (say K. > 12) it le.ad8 
for. smaller values of K to an underestimation of the ef- 
fective width. The general result referred to appears to 
"be the first statement of the fact that the amount of 
shear lag depends on. w/L rather than on w/l. 

The general formula, which may he q.ueted here for 
completeness, was * 

^ - i 1 . (3-m)X 
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Evidence will "be presented later that, in the general case 
of tapering 'beams, on equivalent result can "be stated with 
the same degree ot -aj>pt oximat i on if L refers to the 
(Tff)"-curve and w ■becomes Wp . 



Numerical Examples 

In order to obtain a quantitative idea of the resultst 
a heam has "been taken for which (5&/H) (l/w) = 7.5; eo 
that, when G/B = 3/8, the 'beain is two and one-half times 
as long as wide. It is further assumed that the side wehs 
*ind cover sheets centri'bute. equally to the total stiffness, 
so that m = 2. On the "basis of these data, the stress 
dlstrihution has heen calculated for 

(1) a uniformly distributed load 

(2) a linearly distributed l.«ad 
(3a) a concentrated t-ip load. 

(3b) a concentrated load at midspan 

Diagrammatical sketches of these and of. all other problems 
treated numerically in this work are given In figure 2. 

Throughout the rest of the— present paper, indiviiua.1 » 
etress diagrams will be described only by the oaee number 
of the problem designated beneath each sketch of figure 2. 
In all the stress diagrams, B refers to the stress of 
the elementary tteory of bending, B to the actual edge 
stress, and M to the actual stress along the middle ilne 
of- the sheet. 

In order to obtain the results tire values of— the aux- 
iliary parameters A- and K, which are defined by equa- 
tl-jra. (34), A^ = 0.690, K = 6.231!, are f^irst calculated; 
the function f(|) is then calculated according to equa- 
tions (40) to (42). If these values are introduced with 
the simple expressions for ffd) Into equation (26), the 
Values of the normal stresses along t-he edge and along the 
center line of the cover sheet's 'are obtained. The results 
are given numerically in table I and as diAgrants in figur* 
3. These diagrams show clearly how shear lag depends, 
greatly on the shape of .the load curves, since the maximum _ 
stresses in the four d-ifferent cases are 11, 18, 24, and 21 
percent higher than those given by elementary beam theory. 
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Ooncerning the ef feist of m = (31;, + ^s)/^> an aver- 
age value in the practical range (l^^ = Ig) has "been 
chosen for the calculation of the curves. Oalcuiations in 
reference 2 indicate that shear lag decreases with incr"eaB- 
Ing m. and vice versa; in other words, the more appreci- 
able the contrihut ion of the cover sheet to the total 
stiffness of the heani, the more appreoiahle is the shear 
lag. The magnitude of this effect in the range 1.5 <".m 
< 2.5, (0.25 < (Ib/^w)" < 0.75) is, however, sufficiently 
small to permit workiiig with the average value m = 2 . 

In tshle II values are giv^n of the effective width 
at the iDuilt-in end for the thr.a© loading cases, ccncen- 
trated tip load, uniform load, "and linea rly increasing 

— and also as 
o 2^ * 

functions of the ratio T" this comparison it is 

o2& Jj 

assumed that m = 2. The quantitative effect of a varia- 
tion of the stiffness parameter m is investigated by 

calculating ( ^^^v for. the concentrated tip-load case 

with m = 1.5 and m = 2,5, The results are plotted in 
figure 4 as. functions of They show that in fact 



for the case of a concentrated tip load gives a 

a ■ w \ - 

slightly conservative estimate cf ( ^^^/ Tg_ other 

load conditions and that the- effect of a variation of m 
is small 1 



Case of a Sine Moment Curve 

As a further example nf a shear-lag problem for a beam 
with uniforaj cross section, a case considered by Younger 
(reference 5) is taken and analyzed within the frame 6T 
this theory. The dimensi onle s s elementary bending-atress 

function is igiven by 

^'4^) = Bin 5 I . ■• (44) 

Jrom 

^'(U = I cos 5 I, ^Hi) =.- (0 sin J i (4-5) 

it follows that the leading in this case consists of a 
concentrated load at the free end and of a distributed load 
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having a resultant of ^qual' magnitude and opposite direc- 
tion as the concentrated load. (That the two load sys- 
tems talance each other follows from th-e fact that 
F4 ' (1) = 0) . 

Since it had heen shown tha* 'shear lag is cLuite sen- 
sitive with regard to changes in load distribution, thi s 
load case may hehave with regard to shear lag rather dif- 
ferently frem the three typical cases considered previously. 

Th-e solution of the shear-lag eq.uationB (3l) to (33) 
is obtained for I* in an especially sijaple. form. By 
substituting 3}^ " in equatrlon (3l) , a particular solu- 
tion- is. found in th« form 



'^^0 = — ^^.sin| i (46) 
1 + (¥) ^ 

and it so happens that this parti,cular solution satisfies 
already the boundary conditions given in equations (32) 
and (33) and therefore represents the complete solution. 

The stresses of... equation (36) become h«r© 

a_ ( X , 0 ) / 

=1(1- 



^0 




(47) 

J 1 4. ilz^ljL] Bin I { (48) 



A comparison of- this solution numerically with the corre- 
sponding solutions for the other loading cases shows, 
with m = 3, = 0.690,' K = '6.1331, = 0.041 

that tho increase in maximum stress as given by equation 
(48) amounts to only 4 percent as compared with increases 
b-etween 11 and 24 percent for the other loading conditions. 

Case ef a Sine Series Moment Curve 

A more general load condition, that is, «>ne which can 
be made to represent all load conditions, is obtained by 
assuming - 
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(I) = y An sin- (2n+l) | I 



(49) 



The introduction of equation (49) Int^ the' differential 
equation (3l) §ives 

^aU) = J ^2n+l) J I (50) 

^=0 ^ C(2n+1) -rrj 

The convergence of the series of equation (50) is, however, 
slow; whereas one of the advantages of the least-work meth- 
od is that it permits avoidance of such series develop- _ 
ments, which in an exact theory are the only knrwn means 
of representing the solution. 

As an example for the determination of the coeffi- 
cients, the case of a concentrated tip load may "be con- 
sidered where I'd) = | and where convergence is still, 
better than, for instance, in the uniform or linear load 
The Fourier development of F(|) =1 is oh.tained 



case 
from 



r 



1 



o 



TT 

I sin (2m+l) g I d| 



= y ^nj" ^2m+l) ^ i .sin (2m+l) |; I d| 



sin (2m+l) ^ 1 



(2m +l) 2 



-iS- - - A„ (51) 



1 



in the form 



^ ■ 2 sin (2n+l) — 
and, consequently, 

CO 

Esy? sin (2n+l) , v tt » 

0 (2n+l) I + 



(52) 



(53) 
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The convergence- of 6ii.uatio» (53), while rapid for small- 
Values of I, 'becomes slower when | approaches unity. 
In' order to show that the aolution actually represents 
the concentrated load case, it is necessary to show that 

lim 3" ( I) = 1, lim 1" ( I) = 1 



where 



3 sin (2n+l) 5 
(Sn+l) I 



IT 



COB (2n+l) -5 i 



(54) 



This series, every term of which vanishes when | = 1, 
has the required properties when it is ^ec^gnized that 
the series, representing the function T'Cl) « 1 in the 
interval 0 < i <1 , jumps at the point | =» 1 and rep- 
resents 5" ( I) = - 1 in the interval 1 < | < 2. 



Example of the Application of the. Superposition Principle 

The application of the superposit-i on equations (28) 
find (29) is shown by considering a heam with uniform l»ad 
Pq and a concentrated load -Pq ' at". the 'section x = Xq • 

The moment functions are 

3 



1 

2 



Kit) = - Po ^ = 



0 g2 



Mad) . 



l-P« (X-X„) = -Pfll (£-1-). x„< X 



(55) 
(56) 



0 ^ ■*-~-»-c ' — ~* d 
end it follows in accordance with equatijn (28) that 



■1.3 



(U 



2 



Fi(l) - Pol(l-lc) KU) 



Pol' 



Po V2 



1 - 



Pol/2 



(57) 
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where 5*1 and F3 are defined Tiy equations (37) and (39), 
In accordance with equation (29), 

f (O = , (58) 

Pol/2 

If, for a numerical example, as "before, 

m = 2, K e. 231 

and , ■ • 

then, with the case Sh for a concentrated load at midspan, 



^l,3h =■ 2^1 - ?3h 



^1,31, = 2f 



1 " ^i,3h J 



(59) 



From table I, the values of I" and of f are obtained 
and, "fay introducing these values into equations (26) for 
the stresses, a stress pattern is chtained asc>given in 
figure 5. 



SfFBGTS .OF TAPES IN HEIGHT FOE OTHEEWISB 
UNIFORM CROSS SECTION 



The onljr difference between the case of beams with 
taper in height and the case of be&ms without taper is 
that, in equations (5) and (7), a-^ is modified and, in 
equation (20), the variability, of H(|,) .haa- to.be t&keh 
into account. Thus, for given F('|) and H(|), the mo- 
ment function is given by 

= H(i) F(|) (60) 

% ... 

Otherwise the entire theory for the beam with uniform 
cross section can be dire.ctly applied. 
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In addition to the results of the preceding sectionj 
'■'hich can iJe interpreted in this place lay equation (fiO), 
the case has been calculated in which the height tapers 
linearly according to the law 



Mi) = Ml + I) 



(61) 



eo that the t-ip height is o^e-haif the root height. Con- 
centrated tip load and uniformly distrihuted load have 
been assumed. 0?hen, according ta equation (60) 



and 



2l 



1 + i 
1 + 1 



(62) 
(63) 



The shear-lag functions f(|) as given "by equation (35) 
become 

1 



= f sinh K I Tl 

K \ cosh It 2 



cosh K 



dfi 



- 4 



(1 + ri)=' 

f sinh K (^-Ti) 



(L + n)3 



dflj. 



(64) 



and 



f ^ f sinh K i I 3 

It- \ cosh K I 2 



co3h >v (l-T)) 



] 



1 



+ 4 



ainh k; (l-Tj) 



(1 + Tl)3 

en dete] 

with the following values of the paramet-eri 



dTlJ^ 



(65) 



The functions f^ and f^ have been determined again 



7-^^=7.5. m = 2. ^ K = 6.231 

The integrals occurring in equations (64) and (6^) have 
been evaluated by means of Simpson'* s rule. The resultant 
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stress distribution, is given tn table- III and in figure 6. 

A comparison of these results with the results f^r a 
■beam with the- same load distribution but with no taper in 
height (figs. 3(a) and 3(c)). shows that the maximum stress 
increases are reduced from 11 to percent and from 18 
to 15 percent owing to the variability of Et|) and the 
subsequent change of shape of the ff-curve. 



EIESCTS OF DISC-ONTINUOUS OHAIT&BS IH COVBE-SHEET THIGiOIESS 



Beams with constant width and piecewise constant c<»ver- 
sheet thickness and web stiffness are considered in th'is~ 
section. Tor every bay with constant I and m the dif- 
ferential equation (3l) applies and for the tip and root 
sections the boundary conditions of equations (32) and 
(33) apply. At a section where I and m ohanige the 
transition conditions of equations (24) and (25) occur, and 
equation (25) Blmplifies t» 



I d| f 3^ 3:' 



(66) 



The procedure for obtaining the explicit solution 

may be exemplified for beamo consisting of ' two bays, one 
tip bay of length and sheet thickness and one 

r«ot bay of length Ig and sheet thickne-ss tg . We as- 
sume that the stiffness parameter m and therewith \ 
and K have the same values in both bays. 

The thickness function is 



Ud) =< 



(67)" 



1. ^ I « 1 

aad ,. according to equation (20)., 

I-ff ^ - M(g) 1.. 

^^^^ - % fiir 

If . . 



(68) 



(69) 
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the system of equatiens to "be solved becomes. 

—J- - =.3^^ —iii S. 0 « |< 1^ (70) 

*^^r a a M« ( O ■ ^ 

- ^ =. ^ ^ ^ 1 (71) 

fj(0) = 0. f^'(l) = SX^ (72.73) 
f,(S^) - S f^Clj) (74) 

S'or the solution of ths system of ecLuations (70) t--o (75), 
the general solutions of the differential ecLUations (70) 
and (71) should "be first written in the form 

f I = 3 6. ^ (Aj Binh K I + cosh K i ■+ p(|)) (76) 

^r = 2 Y' (-^-r ^^^^ K I + Bp cosh K I + p(|)^ (77) 

According to equations (72), (73), (74), and (75), the 
following conditions serve to determine the constants •£ 
intogratiLon; 

Bj + p(o) = 0. (78) 
(Aj cosh K + Bj. sinh K + ^) = ^^^^ (79) 

A J sinh K El + Bj cosh K 1^ = A^ sinh K li+Bj; ooshKl,^ (-80) 
Ai coBh K i Bj sinh K i+PlLklJ - 

= 1 -A^ coshKli+Bj. BinhK li-t- ^'^^^^^j - "'m^^^^j- (81 ) 



HAOA Technical ETotp STo. 893 



35 



Eq^uatioas (76) to (8l) are evaluated for three cases 
of concentrated tip load and of uniformly distrihut ed- 
load as follov-s: . - — ' 



Case 


m 


1* 


6 


I 


■ ■ P ( i) 


M(l) 

Mr 


8 


2 


■■ -6.231 


2 


0.5 


0 


1 


9 


2 


6.231 


2 


.5 


K 




10 ■ 


2 


6.231 


2 


.9 


■ •• 67^ ■ 
■ K 


: f 



Jor the shear-iag functions f there is o'btained 
r0.02141 sinh 6.231|, 0 ^ | < 0.5 . . 
L2.i 



■ (76) 



,37789 cooh 6.2311-2.37657 sinh 6.23l|, 0.5<:|<1 



fo =< 



-0.18990 sinh 6 . 231| +0 . 21334 cosh.6..291| 

-0.21333 , 0 ''^ I ^ O.B' 

-2.40681 sinh 6 . 231 i+2 .40944 cosh 6.23l| 

-0.10667, 0.5 ^ I ^ 1 



(77) 



^10 = - 



■"-0.20671 Binh 6 . 23l|+0 . 21333 cesh 6.23l| 

-0-. 21333, 0 < I <' 0.9 
-20.15981 sinh 6 . 23l|+20 . 16258 cosh 6.23l| 

-0.10667, 0.9 <: I < 1 



(78) 



"The functions f corresponding to eq^uations (76) to 
(78) have "been calculated for various values of | and 
from equations (26) the corresponding stresses have "been 
calculated. Tahle IV and figure 7 contain the results. 
It should he noted that, instead of the stresses themselves, 

the' stress resultants T have heen "plotted. Thus, in 

o ■ -_ 

order to. ohtain the stresses from figures 7(a), 7(1}), and 
7(c) the parts of the curves in the first hay have to he 



magnified hy a factor 



at 2. It is seen that, in the 



cases of equal hay length', the thickness change has almost 
no effect on the stresses at the fixed end; while, in 
the extreme case ^f the very much shbrter. r oot hay', there 
is a noticea'ble effect with an increase pf 21 instead of 
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18 percent for the corresponding beam with uniform cross 
section (fig. 3(a)). As is to be expected, an appreciable 
shear-lag effect occurs near the transition section and it 
Is seen that the percentage of stress increase is as high.' 
as the corresponding increase at the root section. 

SFFEOTS OP LINEAR TAPSfl IN -WIDIH 
Development of Ba_uations 

The theory is dovelo-ped in this section for heama' in 
which the width -varies linearly while the cever-sheet 
thickness is asisumed to "ba uniform. The theory can "be ap- 
plied to problems in which the sheet thickness is piece- 
wise uniform "by means of the transition conditions of 
equations (24-) and (25). 

The more general taper law 

V = £^ (71) 

is first introduced into differential equation (2l) with 

T e constant (80) 

There is then ohtal-ned the differential equation 

f" + 4Y^ci ^ - 2VSq (2q,+l) ^ _ „ ^j,^ (d) 

which, for any value of q, can "be intTSrgi^ted in terms of 
itessel functions. Of the constants occurring in equat-ion 
(81), A and k ar.o defined in equation (34-) and 

= n}^ - 1 (82) 

The conditions at the free end and at the fixed end 
follow from equations (22) and (23) in the form 

f Uo^ = 0 . (83) 

f'(l) + 2qY^f(l) = 3X^I"(1) (84) 
S'cr the transition conditions, there fellows from 
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©q.nafcions (24) and (25). 

and ■ • ■ ■ 

fj' + 2clVJ^fJ-3^,^l'J» = + 2qY/fr-3X/F^ (85) 

In tke case of linearly tapering width for which 

q . = 1 

the differential equation (8l) takes a fcrni which can be 
integrated "by an expression of the type 



f(e) = 3X I cj - I + p(|) J 



(8^) 



where 3X^p(|) is a particular integral and the^remain- 
der the general solution of the homogeneous equation, 
Ihe suhstitution of equation (86) in (8l) gives the ex-. 
' ponent s . . : 



ni = - 



1 _..3 /I 



2y + / ±. + .4niY^X^ + (87a) 



2 V 4 



^ 2Y^ - + 4inV^A^ + K^. , . (87V) 



and the function 



CM 1 g"(Ti) dn ^'^^sA* ^"(11) dn 



(88) 



In particular, if I* can he expressed in the form 

J(^) ^ Y e I . (89) 



then 



■« / 6 ^ V U (V -l) „ »U 

By the introduction «f the feolutitn (86) iiito the 



(90) 
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Ijoundary conditions of equations (83) and (84), the follow- 
ing equations that determine the constants c,^ anil 

are olitained 



as 



(91) 



(n5,-H3V^)ci-(n3+2'v2)c3 = 1? ' (l) - j^p ' ( l) + S-Y^pd ^J (92.) 

In the case in ifhich a concentrated load is applied 
section 

follows: Let 



at a section | = , it is convenient to proceed as 



3X^ 



ni 



p^(|) + Ci I - Cs I 



ns -J 



(93) 



Equations (83), (84), (24), and (85) then take the foro < 
■ Ha - : . 



'i to - to = "■■ Pl^^o^ 



Ui-c,) 1^' - (da-ca) l""" = [prU^) - Pl(lc>] 
%-d,-c,)n,C -(ds-*^^)^^^''^ = - ['l'(^c>'-3'r'(te)] 

(ni+2Y'')di-(ns+2'Y.^)da - i" ( 1 ) - |^Pr ' ( 1 ) +2Y%r(l)j 



(94) 
(95) 



(96) 



(97) 



She evaluation of- equations (94) to (97) is "best accom- 
plished "by fir-st solving ea,uationB (95) and (-96) for 
di - Ci and dg - cg and then determining the constants 
themselves from equations (94) and (97). 



Numerical Examples 

Boams vrith conceiit rat ed tip . load (cases 11 to I4) 

Ihe following values of the parameters ar« chosen for cases 
11 to 14: 
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Prom equations (34) and (82), ' ^ 

X° = 0.6901,- = 0.3803, » 155.2817 (99) 

and from equation (8?) _ 

ni = 12.2946» = - 12.8157 (lOO) 

Also, since 

H4il = .. L7 -. 4fl '= 2g - 1, W'= I. T=l (101) 
% 1 - So 

it follows from equation (20) that . 

The following height functions, which are listed with the 





are 


chosen 






E = 


1.. 




= 2 - r' - 


(103) 


H = 


1. 




= 21-' - r^^ 


(ld4) 


H = 


2|-1. 






(105) 


H = 


^. 




= i. 


.; ^ "(106) 



rr^m equations (SO) and (87), for the carresponding partic 
ular integrals, 

p_^^ = 0.01273 (107) 

p = - 0.02546 +0.03881 (l08) 

12 . --- 

p = - 0.01273 - (109) 

13 

Pi4 = 0 (110) 
The coefficients and d^ are next determined from 
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eauatione (9l) and (92). Thl s -process is-carried out io. 
detail for. caso 11 to illustrat e ■ :the proc-edure, while for 
the otherr cases only the results are listed. 

By suhstitut Ing first in equation (9l), 
2"^=^ - 2""® Cg = -0.02546 
and then, "by suTistituting in ectuation (92) 

3?n'(l) = 1, Pii'(l) + 2V* Pii(l) = - 0.0030485 

(n^ + 3V^) ci -.(na + 2V^) Cg = 1.0030485 

B'or the constants occurring in the twc equations, 

2~^^ = 0.00019905, 2""^ »= 7209.515, ni + 3^^ 

= 13.05513, ng + 2Va = - 12.05513 

so that altogether 

0.00019905 Oi - 7209.515 63 = - 0,02546 (ill) 

13.05513 Oi + 12.05513 03 = 1.0030485 (II2) 

Ihe relative magnitude of- the coefficients in equation 

(ill) makes it numerically most convenient to solve by 
successive appr ox^imat i ons of which t-h« first is found suf- 
ficiently accurate in thi-s and in. most of- the folltwing 
analogous cases. Ihus, as first appr eximati on , 

« 

c_ 5= Ot 02546 ^ 0.0000035320 *(ll3) 
® 7209.515 

and, with this value of Cg suhstituted in equation (II2) 
Ci 15 05515 ^-O- 0030485 - 12.05513 X 0.0000035320) 



= 0.076828 



(114) 
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A resu'bstitution of this value of Cj^ in equation (ill) 
gives as, second appr^^cimat 3L.q^ ... 

C3 = ^-.^ (0.02546 - 0..p00lg905 X D.0768.2Q) 

7209 . 515 - ■ ■ 

, ■• = 0.0000035321 

showing that the first approximat irn for Cg was exacT"to 
feur significant figures. It is convenient to use,. in- 
stead of Og, the value of 



2 



C3 = 0.025479 . (115) 



With the introduction of equations (ll4) and (ll5) into 
equation (86) with p^ from equation (l07) , there results 



f^i = 0.0246 + 0.1591 1^2.395 _ o.0528(2|) ^^'^^^ (us) 

In exactly the same manner the solutions in the other 
three cases are found as 



f J = -0. 0527-|^^+0. 08 03 |~^+0, 0067 •^^•■'-0.2160(21) 



(117) 



fl3 = - fix ' --^1^8) 

fi4 = 0 (119) 

Expressions for the stresses are obtained "by again 
suhstituting f ( |) in equations (26). The numerical re- 
sults are contained in ta'ble V and in figure 8:;. If these^ 
results are compared with the corresponding results for 
a "beam with concentrated tip load and no width taper 
(fig^. 3(0)), 4t is seen that shear lag is suhstantially 
less pronounced in cases 11 and 12. In case 13, for which 
the "bean dimensions are such that ^"(1) (and thus the 
stress O"^) decreases from tip to rcot, a condition oc- 
curs which might he called negative shear lag. in that in- 
stead of an increase of edge stress due to shear lag a 
decrease of this stress tafces place with a corresponding 
increase of stress in the interior of the sheet. In case 
14 (for which no diagram is given) the variation of "beam 
height h is so chosen that the stress according to the 
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elementary thaory 
lag occurs in thl 
general result of 
vhen the product 
cr^ does not vary 

it is noted that 
half of the heam 
the fixed end, a 
results obtained 



does n&t vary along the span and no shear 
s case. This, is in accordance with the 

reference 2 that no shear lag occurs 
of sheet thlckne$8 t and hending stress 
along the span. ; With regard to case 12, 

shear lag is quite appreciable in the tip 
while it decreases almost to zero toward 
"behavior which is in contrast with th« 
in the cases of uniform width. 



Beams with unifoxialy dlst-r ihuted load (cases 15 to 18^ . 
The same dimensions are assumed arid the procedure for oh^ 
taining the solutions is the same for cases 15 to 18 as 
for cases 11 to 14. The moment function now takes the form 



M(0 

Me 



= (2| - 1) 



and thus 



(2t ~ 1). 



(120) 



(121) 



The following choices are made for. the height function and- 
with that for I* 



E = 1, 

H = e. 

H .= 2^r.l, 



1.5 



= 4| - 4 + I 



-1 



16 = 



- 4 



:- 1 



-a 



r^^ = 2 - i 



— 1 



1 1. 



H = 2-1 ^. .Fie = 2t 1 



(122) 
(123) 
(124) 
(125) 



5'rom equation (90) 



Pi5 = 0.01273 I 



— 1 



Pjg = Q. 05093 I ^ 0.03881 t 



- P 



1 1 



17 



= P 



3J. 



Pl8 - 0 



(126) 

(127) 
(128) 
(129) 



and for the shear-lag functions f 
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f^g =' -0.0264r^+0.4753|^^'2^^+0. 0526(21)"^^'®^* (l30) 

fi6 = 0. 1054|~^-0.0803|~2+0.3ir5|'-^*^®^+0. 1105(21)"^^' 

(131) 

^17. = fax " (132) 

f^g' =, 0.31718|'-^'^^.^ - 0.00006(21)"^^'®^® (ISS) 



Introducing f into equation (26) again gives the streeses 
as in table VI and in figure -9. It is seen that, "in ca'se 
15 in which the l-curve is most similar to the correspond- 
ing curve for the beam of uniform cross section (fig. 3(a))i 
the stress pattern as modified "by shear lag is -also most 
similar but that the taper in width reduces the maximum- 
stress increase from 18 to 15 pfercent. In cases T6 and 18, 
the F-curve approximates that of the beam with uniform, cr os s 
section and concentrated tip lead and a. corresponding sim- 
ilarity ia obssrved in the stress patterns.' In case 1"?, 
the curve is concave upward and' shear, lag- is further re- 
duced. In general, it can be said that these examples do 
not permit the conclusion that width taper materially af- 
fects shear lag beyond a modification of the F-curves. 

Beams with linearly increasing load (cases 19 to 22). .~ 
The beam dimensions ere again assumed to be the same ^nd 
the procedure for obtaining the . solutions is also the 
same as in previous cases. 



The moment function is now 

^ = (21 - 1)^ (134) 

so that 

I'd) = 7 l^''^ ■ (135) 

i Hd) 

The follo.wing choices are" made for the height function H 
and with that for i*' " . 

H"= 1. 

• E = I,. 

E » 2|-1, 



^za .= 81.® - 12| + 6 - (3.36) 
F30 = "81 ^ 12 + 6|-^ - ^-2 (137) 
= 4| , 4 + = 5*15 (138) 
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H = 2- 



S3 



= 4|' 



4| .+ 1 



(139) 



The ■ cart esponding functions f are obtained exactly as 
in the preceding paragraphs . . ' . 

fiB = -0. 21725^+0,0246r^+0. 83941^,^-2^^+0. 0014(2|)~^^' 

(140)- 



fso = -0. 1582r=^+0. 08031-2+0. 63911^3 .395_Q pQ5g(2*) 



fg^ = -0.10B6|^ +D.6573|^3"2^'^+0.0270(2| ) 



- la . SI 6 



(141) 
(142) 

(143) 



Numerical values of the functions f and of th« 
corresponding stresses are giv«n in ta'ble VII and in fig- 
ure 10. It is again seen to what :extent taper reduces 
the magnitude of the shear lag that would occur for a beam 
with uniform cross section. 

Beams with eencentrat ed load at midspan (oasea 23 and 
£41.- The same values, of the parameters ar-e assumed as in 
the precedi-ng cases. The moinent fjjnoti an is nov 



K(l) ^ f 0, 0.5^^^0.75 
Me )^ 4|-3 . 0.75 < I ^ 1.0 



so that 



- 1 ^Yvh = ^ ■ " ^'"^^ ^ e < 1.0 



(144) 



(145) 



For the height " funct i on H is chosen 

r 0, 0.5 t < 0.75 



H = 1, T 
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V4-3I ^, 0.75 < I < 1.0 



(146) 



H = F 
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0, 0. 5 < I < 0.75 



4i ^ , 0.75 E ^ ItO 



(147) 
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The method of solution hy means of equations (94.) to (97) 
is given explicitly for case 23, wlille the corresponding 
results for case 24 are listed. 

S'irst, from 6q.uations (l46) and (90), 

P, = 0, p = 0.038196 (148) 

1 , 33 r , as 

Equations (94) and (97) "become 

0.00019905 ci - 7209.515 Og = 0 (l49) 
13.05513 di + 12.05513 6.3 = 3.00915 (l50) 

and the transition conditions of equations (95) and (96) 
become 



(4/3)-^^ (di-ci) (4/3)-^2 (ds-cs) = -0.050928 (l5l) 

93 

(152) 



12.29457(4/3) ( di-Ci ) +12 . 81569 ( 4/3 ) ( da-Cg ) =4 . 05093 



Solving equations (l5l) and (l52) gives 



3, 

4\-°-3 



(di-ci) = 0.13533, di - Ci = 4.65020 (153) 



(43-C2) = 0.18628, da - 03 = 0.004660 (l54) 

Prom equation (149) follows that, in first appr oximat i en 

C3 = 0 . (155) 
and hence, from equation (l54) 

dg = D. 004660 .. (156) 
Then, from equation (150) , 

dj^ ~ 0.22619 (157) 
and, from equation (l53), 

Ci « - 4 .42401 (158) 

From su"bstituting' this in equation (149) a second ap- 
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proximatioa follows: ' 

Cs » - 0.00000013 ■ (i59) 

and, from equation (154), 

ds O.0G46659 (l60) 

and, from equation (l50), 

dj^ 0.22619 (161) 

and, from equation (153), 

a - 4.42401 (162) 

It is seen that the second approximations agree suf- 
ficiently well with the first approximations to permit 
discontinuing the process. ' 

In this way the following final results are obtained 

for eases 23 and 24; 

r-9.l600e'^'^^%0.0012(2e)"i'^'"*, 0.5:^ 0.75 

■*(i63) 

0.079ir^ + 0.4683|"-^^®-.O.D097r^^*^^®. 0.75^ K 1 



f = «' 

""•23 ~ 1 



^34 =^ 



-10. 71701^2' 2 "+0. 0021 ( 2| )"^® • 0.5< 0,75 

' . . .- (164) 

-0. 1054|~^+0.2410|~^+0. 32401 ^^'^^^-0. 0153 1"^^ • ^^'^ 

0.75 « I < 1 

Numerical values of the functions f and of the correspond- 
ing stresses are given in ta"ble "VIII and in figure 11. It 
is again ohserved that the effect ' of taper is a reduction 
of the maximum percentrage increase of stress due to shear 
lag in the lieam of untapered cross section with correspond- 
ing load (fig. 3(a)). 

B eams "with uniformly distributed load and increased 
taper (cases 25 to 26) .- In. order, to ohs^jrve t.he effect 
of increasing the rate of taper, beams with uniform load 
distribution are assumed to taper. in the following ways: 
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H = 1 - (165) 
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5, 


I 


1. 











^, ■ H = ^ (166) 
I = 1 (167) 

I = i (168) 

for cases 25, 26, -27, and 28, respectively. As ^^before, if 
a = 3 , ■ 

• • 7^ = 0.6901, = 0.3803 (99) 

while ,. from equation (34), for cases 25 and 26, 

kS = 69.01409 (16S) 
and, for cases 27 and 28, 

K° = 38.82042 (170) 

The exponents of equation (87) in the .solutien of equation 
(86) ar-e new, for cases 25 and' 26'., 

n^ = 8.18714, ns = - 8.70826 ^171.5 

and for cases 27 and 28 , , 

ni = 6.15582, ng = - 6.67695 . (l72) 

The calculations carried out in exactly the same vay as 
has heen indicated for the sample case 11 show that 



I. = '^^ ^ hl.i _ i + i (173) 

2^ 9| 9 99* 



(4| - 1)' 



f„_ = ~ 0.00651 ^+0.3855|®'^^''+0.0260(4|) ^'"^^^ (174) 



26 9 .2 9 5^ 9 ^ ^^^rv, 



9 i 
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f-„_ = 0. 0520|"^-0. 02021"^ +0. 1529^^' ^^%0.1153(4E) (176) 



^3 7 = t 


(177) 


0.2994 l^'^se 


(178) 




(i:i79) 


=. 0 


'. (ISO) 



Numerical values of the functions f(|) and of the corre- 
sponding stresses are given in table IX and in figure 12. 
The increased taper has reduced the maximum percentage 
stress increase still further. An indication that width 
taper is most significant .iaasmuch as 'it modif-les the P- 
ourves is given hy' case 27, for which the J-curve i.8 iden- 
tical with the I'-curvo of the beam with uniform cr-^ss sec- 
ticn and concentrated tip load (fig. 3(o)), with the re- 
sult that the effects of shear lag are of almost identical 
nature. Case 28 is again a case for which IF «sl 1 so that 
no shear- lag ^occurs. 

Beams with uniformly distrlbutod load. and different 
st iffness parameters ( cases 29 to 32) .- Beams with uniform 
load distribution are tsken with the same taper law as in 
cases 11 to 24. The results are to be compared with the 
corresponding results for cases 15- and 16, which are iden- 
tical with cases 29 to 32 except for the value of the 
stiffness parameter m. 

By determining first the values of the auxiliary param- 
eters for m = 1,1 and m = 3 it is fsund, from eguatltns 
(34) and (82), that 

m = 1.1 : A*=1.5695, Yf=o.72€5, Ji?=383. 13901 (l8l) 
m = 3 : >?=0,4rll8, Y^=0.2353, K^=:S2. 64706 (182) 

and from equation (8?), that for the values •f the expo- 
nents, 

m = 1.1 : Ui = 17.9787, Ug a - 19.8845 (183) 

m = 3 . : n, = 9.7278, n^ = - 9.6690 (184) 



By carrying out the remaining— calculat i ons as detailed in 
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case 11, it is found that ". " ' 

m=l.l : H = 1, = 4| - 4 + = S'le (185)^ 

f3g= -0. 02631-1+0. 7275|i"'-s^9+0.0525(2|)"'-^*^^^ (l86) 

m=l.l : H = I, S-ao = 4 - 41"^ + = ^is ' ^187) 

f3jj=0. 10511 -0.07911 ^+0.4799| ' 

+0.1016(21)"^^'^^^ (188) 

m = 3 : H = 1, = I'a9 (l89) 

f,,= -0:0266r'-+0.3621|^'''2^+0.0527(2|)~®*®®® (l90) 

m = 3 : H = I, = (l9l) 

f3g = 0.1063|~V0.08 24|~^+p.2355|®''.^® 

+0.1168(21)"^*"^ . (192) 



Numerical values of the functions fit) and of the 
corresponding stresses are given in ta"ble X and in figure 
13. A comparison of cases 29 to 32 with cases 15 and 16 
shows that decreasing m, that is, making the side_ wehs 
relatively weaker, tends to Increase shear lag and vice 
versa. It is noted, however, that hy choosing values for 
m as extreme as the present ones a larger effect is o"b- 
served than is likely to occur in practice for which, as 
has "been previously stated, the value of m is larger 
than 1.5 and smaller than 2.5. The fact that, for the. 
limiting case, m = 3, th.e. actual eige-stress distribu- 
tion coincides with that given ty the elementary theory is 
explained .hy the " vani shing contrihution of the cove^^r sheets 
to the total .heam stiffness. , ■ . ■ . . 



EFFECTS OP SIMUITANEOUS TAPER IIT VIDTH 
'AND OOVBR-SHBBT THIOENBSS 



In this sectian, "beams are considered that are tapered 
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accordln.,? to .the lavs 

V =r 1*^, a? = l', m = constant ' (l93) 

Introducing ecLUation (193) into the differential equa- 
tion (Sl) gives 

f" + (r+4Y2^) _ jr + 2V2(i (gq. - r+l)J-p - -po 

= 3 IP" + - S" _ f1 = 3^^ a (194) 
Li 1^ J 

and introducing equation ( 193 ) into equations (22) and 
(23) for the "boundary c«indit-ij&ns gives 

f (1^) = 0 (195) 

f'(l) + (2qV^+r) f(l) = 3A^ CS"(l) + r] (l96) 

if use is made in equation (l96) of the fact that ^d) = 1. 
From equations (24) and (25), if for the present purposes 
it is assumed that V and T are continuous so that only 
the effect of a concentrated load remains, it follows f^r 
th* transition conditions that 

and, If equation (l97) is utilized in the evaluation of 
equation (25)," 



The Case of Linear Width Taper 

As in the preceding section, an especially simple 
class of solutions is obtained in the case •f linear width 
taper where q = 1. The solution of equation (l94) is 
then of the form 




(199) 



where now the exponents are given by 
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V^' ^r^'' + 4mvV +>c^ (I9"9a) 



n^.= ^-i-^ . SV^ - y Ii±£ll + 4mY^X^ + K^ (iggt) 



and p(|) is defined as Tiefore "by means of equations (SS.) 
to (90), where the first factor u, in the numerator of 
equation (90) is to "be replaced "by v + r. 

Ehus it is seen that, in the case of linear width taper 
and thickness taper according to equation (193), the calcu- 
lations of individual examples proceed in entirely the same 
way as in the cases of linear width taper aiid no thickness 
taper. Borne calculations have heen made here for heams with 
linear sheet thickness taper, that is, r ■= 1 . 

Beams with uniform load (cases 35 and 34) .- In addi- 
tion to ■ q = r -ss 1, the following values are assumed for 
the remaining parameters 

so that tho top view of these beams is identical with most 
of those treated without thickness taper. The two cases 
Considered distinguish themselves hy different height ta- 
per s , namely, 

H = 1, = = 4 - 41"'' + ' (20ir 

H = I, i-g^ = ^gg^-^)^ = 41""^ - 41"^ +1"'* (202) 



For the auxiliary parameters, 

= 0.6901, = 0.3801. = 155.2817 

and. from equation (l99), for the exponents 

= 11.8244, ng - - 13.3455 (203) 
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The remaining calculations carried through as in the preced- 
ing section give 

£33=0. 0525-0. 0396 |~^+0. 44971^^' +0 ♦ 1058 ( 2|)~ ^ ^ ' ^* ^ (204) 

f34=0.1584r^-0.1080r°+0. 29781^ ^"®^*+0. 2303(21)"''^'*'*^ 

(205) 

The di striTJut-lon of- stresses corresponding to these 
results is contained in tulile XI and in figure 14. 

X comparison of case 33 with case 16, which has the 
same F-curve , shows that the thickness taper is responsi- 
ble for increased shear lag and that the percentage in- 
crease of the maximum stress has risen from ahout 11 to 
ahout 15 percent, indicating that the neglect of thickness 
taper is not a conservative procedure. 

A comparison of cases 33 and 15, which have the same 
TF-function, shows that the stress patterns are m»st simi- 
lar and that, in "both oaesos, the iaaximum stress increase 
amounts to ahout 15 percent. This result indicates that 
thfe shape of the TJ-curve rather than the shape *f the J*- 
curve determines the shear-lag pattern. Further evidence 
to support this view is obtained if cases 34 and 16 are 
compared. For these cases, the TF-curves are identical and 
again the maximum stress increase is in both cases the same 
and amounts to 11 percent. 

Beams with no spanvise vg.riation of eytr"gTli5 fiber 
stress according to elea^enta-ry b^am theory (cases 55 and 
36 . - THe effect of thickness taper is further emphasized 
by considering two cases for which 

F(|) = 1 (206) 

so that, if T is constant, there would be no shear lag. 

The two cases considered are distinguished from each other 
by different degrees of taper in the following way: 



15. -i- » i, E = 1 (207) 



For case 35, 

/ M 
V S wjj 



60 ^e 



and, for case 36, 



IIACA .Techiiical Note Ho. 893 



43 




1, =. 1 



(208) 



It follows, from the definition of I'd), that the external 
moment di strihution is given hy 



(209) 



8o that in hoth cases there is a uniform gpanvise load 
distribution; while, "for case" 35, there is in addition a 
concentrated tip moment of amount M (■^)/Mg^ = l/4 and a 
concentrated tip force of magnitude M*(i)/1% = 1. 

E'er case 35, all the necessary parameters are given 
hy eq.uation (203). For case 36, 

= 38.8204, n^ = 5.71400, ng = - 7.23513 (210) 
and the shear-lag functions f(|) take •n the fnrm 

f35.= 0.0131 + 0.15071^^'®°* - 0.0132(2|)"^''*°*'' (21l) 



fgg = 0.0501 + 0.2652 | 



5 , 7 14 



(212) 



The stresses corresponding to eq_uations .(211) and (212) 
are given in tahle XII and in figure IS. 'Stress increases" 
of 6 and 11 percent are found pwlng to the cover-sheet 
thickness fcaper, while neglect of the variation of T 
would have indicated that there was no shear lag. Case 36 
is particularly interesting I>ec0,uBe the Tr-curve coincides 
with the ccrre spending curves in cases 27 and 3a, in which 
there is nnly width taper or no- taper at all. In all three 
of these cases, the stresis increase is the same and equals 
11 percent. This evidence further supports the contention 
that the shape of the T?-curves: and the value of the aspect- 

ratio parameter (E/&) (w/l) are of main importance in 
determining the amount of shear lag. 



The Case of Sheet Thickness Taper Only 



If constant width is assumed, that is, if 
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q = 0 

equation (l94) reduces to 

f" + ^ ft ^ (k^ + f = (i"' + J I" - !•) (213) 

and can be written in the form 

The solution of this dquatien is knovn to "be 

(k|)+p(|)1 (214) 



r+i 



3-3 J 



where the factT)T 3^^ is inserted for convenience and 
where ly+i is the modified Bess^l function of th« f'irst 
a 

kind of order if --J:L±l. is an integer 1^+1 would 

3 

be a constant multiple of ^ r+i must be replaced by 

3 

kp^j^ which is the corresponding function of irhe second 
kind. 

The function p(|) is founds by the method of varia- 
tion of parameters in the form 

e 

n r + i . 1 -■- ■ N 

p(|) = /. Tl ^ . I 

« -1 ■' 



[^T1~''(Ti''b') J .dT] . (215) 



According to equations (l95) and (l96), the constants 
of integration are determined by 



r 

and 



l^e^f j' , = 3?.^ (216) 



1=1 : 1=1 
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'She traasiticn conditions at the place of a concentrated 
load are ae 'before ec^uatione (l97; and (l98) . 

In view of the fact that the modified Bessel functions 

of order n + (n = 1, 3, ). reduce to certain cojahi- 

nations of hyper"bolio functions, it follows that when 

r=0, 2, 4, ... (217) 

the solution of eq^uation (214) is expressible in terms of 
hyperljolic functions and reduces, '.as it should, to the pre- 
viously derived solution for "beams .with no taper when r = 0, 

When, r = 1, • that is, for linear taper, the mollified 
Bessel functions are of the first order and tahles for 
these functions exist. (Tables also exist for the func- 
tions .corresponding to- r 3 , 5, ...). ' 

It must he said that there still remains the difficulty 
of evaluating the particular integral of eq^uation (215). 
Ill most cases this evaluation will he possihle only hy nu- 
merical methode as exemplified in the section on. heame with 
taper in height and otherwise nonvarying cross section. 

In certain instances, however , the particular integraT 
may he ohtained in a very simple manner, namely, hy ch'iiB- 
ing the ]^iBturhing function E" in such a way that either 
the right-hand side or . the first term of . the . left-hand 
side of equation (213a) vanishes. Inepectlon ct eq.uation 
(213a) reveals that 

y = aj.!^ + azi^~^ + + 1'^ , (ai+as+a3+a4»=l) (219) 

is of the nature indicated. Suhstituting equation (219) 
in .equation (213a) gives the equation 



„ ■ . ^ . . . . . -r' 
- K f = 6A 



(220) 



j^(3+r) ail + (l-r)' agl' 
which is satisfied hy 

Sart - - ^ [^^^"^^ + aa"""] (221) 
or, in accordance with equation (214), 
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r+i r+il 
(3+r) a,i~^ + (l-r) Bisf^^l ^223) 



Prom equations (319) and (20) it follows that for the 
moment distril)utions which give rise to the simple partic- 
ular ibntegrals 

SO that for heams of uniform height (H = l) one of the 
solutions applies, irrespective of the value of r, to 
the case of uniform load di str ilbut i on ; while the type of 
the other load di strlhutions deponds on the value of r . > 

Certain particular cases amongth^ class of solutions 
included in equation (219) will "be investigated further in 
the following discussion. 

Beam with linear thickness taper (case 37) .- If uniform 
height is assumed, frem eq.uation (223) 



A, 11^. A3i^i5l ■ (234) 

"a 1 - io 1 - 



where the constants have heon so adjusted that the tip sec- 
tion is m«m«nt free. From 



M'(^6> 2^0 ^^0 , ^ 

=.-Ai + As ^ (226) 



it follows that, unLess 

= 0 (236) 

the load system includes a concentrated tip load.- If equa- 
tion (236) is assumed, it is seen from 

MlUl = 3Ai + 12 As 1^ '(227) 

that the effects of a comhination pf uniform an^' paraljolic 
load distribution can he analyzed with the solution oh- 
tained. ' . ' * 
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If,' ia the following development, attention is re- 
stricted to the case of a uniforia load, that is, if it is 
assumed that 

■^1 = a-s = li Ag = ai = ag = a* = 0 • (228; 



3* 



37 



= I (229) 



=^37 = j^ci IiCkU - 03 ka(K|)-j 



(230) 



It seems worth while in this connection to state ©xplioit-r 
ly that, for linear height p'&.r (H = i), corr9- 
sponds to the case of linear load distribution. 

From the houndary condition of equation (l95), which 

is now 



it follows that 



T(o) f37(o) = 0 . (231) 



03 = 0 (232) 



and, from the other "boundary candition of equation 
(216), that 



i ii(Ke)]T = 2 



which, in view of the law of differentiation for Bessftl 
functions 

j^x^Ia(x)J = i^Ij^_i(x), ^ j^^ ^^n^^^^J = ^ ^^n+i^^'^ 



he come s 

2 



so that, finally, 



6X^ Ii(i^l) 

f,, = , , (234) 

37 K Io(K) 



7his solution will he discussed with two solutions oh- 
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ta.ined for quadratic thickness taper in the following par- 
agraph. 

Beams with quadratic thickness taper (cases 38 and 39) 
When r = S, the mejnent distribution of equation (223) can 
be written in the form 



MrH(I) 
If, as before, 



1 - to 



1- - :eo^ 



(235) 



1 - e, 



= 0 



is assumed it Is seen that, for uniform height- (H = l) , 
the three terms in eauation (235) correspond, respectively, 
to a load increasing according to .a cubic law, to a uni- 
form load, and to a linearly Increasing load. 



Tot uniform load distribution, 
and, for linearly increasing load. 



39 



From equation (222), it follows that 

2 



and, in accordance with equation (214), 



3, 
2 



= 0 



(236) 
(237) 

(238) 



°1 ^_3 



s s .■ . •J 



ui) - C3I 3 (k|) + 



3 8 = 

f_. - ZX^f^^C^ C2f_3^;(K|)J 
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(239) 
(240) 



The Bessel functions of -order — , may be written 



3 



cosh X - 

3 



s i nh x"' 



/ 2 _1_ / 



s 1 nh X - 



CO oh X 



) (241) 
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It follcws from the ' free-end condition of equation (195), 
for case 38, that 

(242) 



lim 
I— >o L 



- C; 



3 2 "1 /2tt 

i^i_3 (Ki) + = 0. °3 = - ynr 



and, for case 39, that 



= 0 



(243) 



From the fixed-end condition of equation (216), it follows, 
for case 38, that 



{ 



d 



cil^ I3(K|) - cal^ 1.3 (1^1) + |w 



which can Ids transformed into 

Ci K li(ic) - og K I_^(k) = 2 

and, for case 39, 



= 2 



d 



|3 l3(K|) 
2 



]} = = 



which can "be transformed into 



wherd 



2 sinh I_|(x) = ./I 



2 cosh y 



TT 



Thus, finally, 



3 X-^ 



•3 6' 



^ 2 " /2rTK I_i(k) ^ 

-d r-r-^ + V 

-/k I^(k) 



•3. 
3 



which Can he transformed into 



(244) 



(245) 
(246)- 



2K (k| ) 

" 3 

+ 2(k|) ""^ (247a) 



(2471)) 
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g,3 l3_(Ki) 
f = _^ — (248a) 



which can be transformed into 



r * sinhKM " /„^o^N 



Lo ■= — ; cosh R5 -r- 



D lscusBion of the numerical resulfrs f^r sheet- 
th ickness taper .- rfumerical evaluation of the solutions 
for cases 37 to 39 will further conifirm the fact that the 
shape of the TF-curve is the decisive facter in the ef- 
fects of shear lag. Since 

this fact will he hrought out by a oompar i son of the re- 
sults for cases 3? to 39 with the results that were ob- 
tained in the section for heams with uniform and linear 
load distribution, f-or which 

= = 1^, TFa := ffg = I* 

If, for a numerical comparison of— the st^ates of 
stress, the same structural data are assumed as were used 
previously for beams with uniform and linear load distri- 
bution, namely, 

m =: 2, = "^-ST^ = 6.331 



tile stresses along the edge of th^ sheet and along t-h« mid- 
dle line of the sheet are calculated by inserting the nu- 
merical values of the functions F and of the functions 
f in equations (26), The resultsare given in table XIII 
and in figure 16. A comparison of the stress pattern for 
cases 37 and 33 with the stress pattern for case 1 (fig. 
3(a)) shows that little similarity exists among the three" ■ 
stress patterns, except thAt the value of the percentage 
increase of th« edge stress at the fixed en* is very near- 
ly the same in all three cases. If, however, instead of 
a comparison of the stress patterns, a comparison of the 
stress-resultant patterns ia made; that is, if th« dia- 
tributions of Io^/Cq compared instead of the dietri- 
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"butions .orf a/o-j, it is seen -that. tji"6 variation- of Tct/CTq 
is very nearly, th» same in all thr,eo. cases. • 

The same rasuita may he observed when the results of 
case 39 (fig. IsCc^Vare compared with the resul^ts of case 
2 (fig. 3(b)).. . . , •• -A . . 

It is worth while to note further that, in case 38 
(fig. 16(b)), in which .accordijag to elementary .beam theory 
the stress does A.ot vary in the ' apaxiwi se* direction, the 
maximum stress increase does not occur at the fixed end 
but near the free end o.f the beam where the sheet thick- 
ness decreases to zero. This evidence again indicates 
that, while the distribution of stress near the fixed end 
of the beam can-be rather closely predicted t© be .that of 
a beam with uniform cross section, the same .is not always 
true at other sections nf the span. 

An additional comparison of the states of stress in 
beams with and without thickness taper is made by calou-' 
lating-.the effective sheet width at the fixed end of the- 

beam as a function of the parameter / 223. 1. and of 
.V 32& I 

g where y is again the distance of the center of 

gravity of the (TF)*;_curve from the section | = 1. Jor 
this comparison it is assumed that m b 2, so that again 

X - ^ f(l) 



/ ""^ffN ^ ^ - g 



f(l) 



The numerical results obtained are given in table XIV and 
in figure 17. 

It. is noted first that, when the results are compared 

w 

for corresponding values «f — , there is a pronounced 

^ • s ' 

difference between the cases for which TF !=•• | • and the 

cases for which TP ta |3 _ however, the results are 

w ■ * ■ ' 

compared as functions of 7-, it is 6een that in all cases 

■ ■ ■ L •■ , - 

the agreement is close for hot too large values of 

J ^—-^i all curves in fact start out with • the . saie ihl- 

32G' !> . ■ . . , • 

tlal slope and a noticeable deviation of the curves from 



53 



NAGA Technical Note. Ho. 893 



each otlier occurs only for rather: large values cf v g^g; 

As far as calculaticn of the effective sh«et width 
near the fixed end of the heams ie concerned, therefore, 
all the evidence points to the conclusion that it is per- 
11118811)16, with sufficiently good approximation, to hase 
the calculation for moderately tapered "beams on the model 
of a heam with uniform cross section of which the width 
equals the root width of the aotual heam and the lengtji 
equals the length of the actual "bsam; while the effects of 
taper are incorp/^rated hy taking for th® model beaffi with 
uniform cross section a function I) identical with the 
I( D^C O-function for the actual beam. 

If £inly gatlmstc of tl\e effective width is desired 
the approximation may be carried still further by consid- 
ering a model beam witli uniform cross section, which car- 
ries only a concentrated tip load and has a span length 
the same fraction of the span length of the actual beam as 
the rat-io of the distrance of the cent-er of- gravity of the 
t CTf, curve from the fixed end of the beam to the span 
length of -the actual beaip. Vithin the accuracy of this «8- 
tlmat'-e it is then possible without, any calculation to 
take the result from the curves in figure 4. 

While a very simple general result' is deduced for part 

of the problem, it is also seen- from the work of tills sec- 
tion and of the "preceding section that the percentage of 
change in the stresses all along the span may be appreci- 
able when there is taper, especially sheet-=thi ckne s s taper, 
and that to obtain quantitative re'sults in this respect it 
appears »eceBsary to b"ase calculations on a beam model 
rather closely approximating the dimensions of the actual 
beam. 

II - SHJSAS LAG IIT BEAMS OtT TWO SIMPLE SUPPOMS, 
WITHOUT OH WITH OTEfiHAWGING EITDS 



It is possible to use the general results of the 
least-work method, which are eontain«d in the first two 
sections of part I, for the analysis of beams supported in 
any statically daterinined way^ in particular Tor the analy- 
sis of beams on two simple end supports. The only modifica- 
tions concern the boundary conditions for the shear-lag 
f-nnctions f(U. While for cantilever beams T(i)f(i) van- 
ishes at the free end and a displacement condition is pre- 
scribed at the fixed end, beams with two simply supported 
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or free ends will have Tf vanishing at "both, ends as a 
consequence of the condition of vanishing edge "bending 
moments. The examples that follow ar© intended to show 
how the method is applied. 



BEAMS or UUIFORM CROSS SECT I ON 
ON TWO SIMPLE END SUPP0RTS 



The differential equation of the prchlem is as "before 
equation (3l). For the Isending-moment function it 
is now more convenient to write 

J = Mil . (249) 
Mmax 

If the coordinate system is selected s* that the ends of 
tho heam have the coordinates i - 1 and I = - 1 and if 
I denotes half the span of the heam, the houndary condi- 
tions are, instead of equations (28) and. (23), 

f(-l) = 0, f(l) = 0 (250) 

At the point of application |q of a concentrated load, 
the trw.nsitien conditions of equations (24) and (25) occur 
as hefore. Explicit solutions, will here "be ohtained for the 
following load conditions: 

(a) A cosine l«ad curve, for which 

5*40 = cos ^ e (251). 

As in case 4, it is seen that 

f.„ = ^K^^K, COS ?- I X352) . 



*° 1 + f^Y 2 



satisfies the differential equation (2l) and J;he "boundary 
conditions of equation (250). 

("b) A uniform load di str i"but ion , for which 

^41 = 1 - (263) 
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The shear lag function 



3A_ A ^ eoeh Ki\ 
\ " cosh K / 



(254) 



satisfies the differential eciuatlons and the "boundary con- 
ditions . 

(c) A concentrated load at | »= i^, for which 



1^ 



^1 ^ i, 



40 = < 



1 + i 



(255) 



In order to oTatain the solution in this case, there may be 
written 



'43 



A sinh Kd + I) , -1 i ^ io 
B sinh k(1-U. ^ ^ ^ ^ 



(256) 



which satisfies the differential equation (3l) and the 
boundary conditions of equation (850). The transition 
conditions of equations (24) and (25) defrBrmine the con- 
stants A and B as fol-lows: 



A BinhK(l+|c) •- B sinh k:(1-Ic) = 0 



A cosh K (I+Iq) + B cosh k (i_|q) = 



(257) 



« 1 - 



■Solving for A and B there is obtained 



6A^ Sinh K(l-U) ^^^^ -1 ^ e ^ I, 



(l-tc ) einh 2K 

6A^. sinh k (I + Iq) 
KCl-tc'^) sinh 2K 



(268) 



,inh kUA)/. i^^ I 
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In particular, when the load acts at midapan, 

all 

CO sh K 



^42a - ^ - 1 M' ^4aft - Hi cosh K 



The magnitude of the effective sheet width at the sec- 
tion of greatest tending moment, where 3* s 1 , is of par- 
ticular interest. This q^uantity is" calculated according 

to equation' (27) . In what follows value 

s flf i[efl g^re oh- 

tgtined as function eif the parameter »/ ^, if the 

stiffness parameter m is assumed to have the value 2. 
The calculations are carried through for oa,ses 40, 41, 42ai 
and 42h, of which 42^ is the case of a concentrated load 
at the liuart er-span point. 

The results, which are given in tahle XV and in figure 
18, indicate that, for a Iflad diatrihution symmetrical 
ahout the midspan section, the effective sheet width lecomes 
smaller as the entire load is more nearly concentrated to- 
ward 'the midspaii section. It is seen that moving 'the con- 
centi'ated load 'away f r om mi'dspan reduces ■ still more the 
effective width. ■ ' " ' ' . . ' " - 

It should he noted that not only are the results her« 
"ohtained approximate, much simplified solutions of the 
'effective width problem for 'beanis with isotropic cover 
sheets such as hdve- heen ohtained previously hy von Earm£n, 
■Sohnadel, and. others, hut that the ■ pre sent " result" s go fur- 
ther inasmuch as they permit taking into account the ef- 
fect bf-spanwise -stiffening of th« sheets by assuming an 
appropriate value of the ratio 

BEAMS OK TWO SUPPORTS ■WIT'H OTERHAN&lirG ENDS 

The method for oht"aining the solution for "beams on 
two supports .wi-th overhanging ends may also "be indicated 
here. - If it is assume'd that the coordinates of the sup- 
ports are again | = - 1 and | =1, the coordinates of 
the ends of the beam may be denoted by t\(^ - l) and 
Is^^l)- ■ ^Ji®' bending-moment function 3* is now defined 
in the range li I ^ Is- 'pJi© dif f erent-ial equation is 
the same, as before., ajad the boundary oonditipns for the 
free ends an.d the., transition conditions at the points of 
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support »re 

f(li) = 0, fits) = 0 (260) 
fj(:tl) = fr(±l) (261) 

fj'(±i) - 3rj'(±i) =-.fy (d^i) - rj.'(±i) (262) 

No exaijiples of application will considered here. 
It may "be said, however, that case 3l3 of a cantilever 
with concentrated 1-oad can Tie interpreted as the solution 
of a prohlem which "belongs in this discussion. 

Ill - DETlSRMINAaJION OF SHEAR LAG IIS STATICALLy UNDETEEMINBD 
BEAMS AND IIS EFFECO? ON THE DI STBIBUT I ON 
OF BENDING MOMENTS 



For statically determined Tjea'as, thot is, for cpntl- 
lever heaias and for "beams on two moment-free end sup- 
ports, the distribution of lopds is determined "by statics 
and_the aim of any iDeam theory is only to relate the given 
moment distribution to the distribution of stresses over 
the cross sect-ion of the beam. When statically indetermi- 
nate beams, such as a beam with two clamp-ed ends are con- 
sidered, the distribution of moments for given load de- 
p.ends on the conditions of support... This condition leads 
to the question as- to whether the distribution of moments 
as given by the strength-of-materials theory is modified 
on the basis of a more exact theory of bending; for in- 
stance, on the basis of a theory for box beams which 
tak-es into account the shear deformation of the cover 
sheets. The results obtained in the following develop- 
ment show that not only is the di stribut i on ' of stresses 
over the cross section affected by modification of the 
assumptions in the theory of bending -but that also their 
resultant bending moment is in general affected, except 
when the distribution of bending moments is given by 
•statics. 

Since this q^uest'ion has not been previously treated, 
it was thought worth while to consider it in connection 
with the related work on statically determined beams evon 
though it Boems of less practical interest in aeronautical 
applications than the corresponding theory for cantilever ' 
beams. 
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The theory will "be given here only for "beams of uni- 
form cross section, either with hoth ends clamped or with 
one end clamped and the other end simply supported. The 
method of solution is a modification of the least-worTc 
method as applied to the prohlem <?f the statically sup- 
ported beam. 

For the yet undet erminat e distribution of beading mo- 
ments for given load distribution, there may be assumed 

M(x) = MqCx) + Mq + Ml 7 (263) 

where Kg is the moment distribution of elementary beam 
theory and Mq and M-x contain the effect of the shear 
deformation of the cover sheets. 

Corresponding to the distribution of moments of equa- 
tion (263), the normal stress in the cover sheets is as- 
sumed in the form 

aj,(x,y) = ai,(x) - (f - J?) sC=^) , ^264) 



where 



cr-(,(x) = aQ(x) + cTq + - (265) 



As has been shown in reference 2, the shear stress In the 

cover sheets follows from + b 0 in the form 

ox -oy 

' T(x.y) = y a^'(x) - | (m - ^) s'(x) (266) 

Again, as in the case of the statically determined beam, 
these expressions for the streBses have to be introduced 
into the expression for the internal work W of the struc- 
ture and ¥ has to be made a minimum. BTpw, however, it 
is to be taken into consideration that not only the func- 
tion s(x) but also the constants (Tq and ai ' are to be 

determined by the minimum condition. 

If the two ends of the beam are taken at x = I and 
at X ~ - I, W is given by 
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I w 



3 



- 1 -V 
I w 



^1 



ag(x) + + 



-I ~w 



Eh' 



dx (267) 



From etiuation (267), it folJL.ows that 



5^ = S ^ 



I w 



I -■ W 



dy dx 



h2 
- 1 



J [°-e + ^o-^'^. f-Cf -l)s][6ao+6<T,^|-(|-l)63jdxl(268) 



and 6W as given by equatitiu (268) has to vanish if V 
is to he a minimum. It is seen in equation (268) that 
there are three vaf iations 6^^, .■ ScTi ,• and 6s and those 
are in general arbitrary - except for a relation between 
5a Q and 8cr^ when the moment at one end of the beam is 
known ~ so that, for any stat-ically undeterminat e problem, 
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equation (268) implies more condttiona than are ohtained 
in. the statically determinate case. Evaluation of equa- 
tion (268) will make this statement evident. If the inte- 

? ration with respect to y is carried out in eauation 
268), it follows that -- 

8V = I Jswt f [(6(To+8a,f) (a^+a.+cT, f - (f - i) s) 
-I 

■ -=<(t:l)Cw-xf)-(4-f*|)0] 
-=l[^a^'^T)-Kf-i);0 




■ e o 



-I 



If it is observed that 



T 4.^2 g^w + ^8 

Ig = wth , m = J 



if terms with the same variations as factor are coahined, 
and with ~ '^e 1' » ^* follows that 

V 

I 

0 = y (scTq+So-, [o-^-I (m-Dsj+I^, cr^-(|-l)Bj j dx 



- I 



3 E 

+ W — 
f w ^ 



-I 



(Continued on p. 60) 



60 ITACA aJechnical ITot©. No. 893 

•/ 

-I 



(270) 

The terms containing s in the first integral and the 
terms containing in the third integral of equation 

(270) cancel since 

If the last integral is integrated by parts, it follows 
that 



0 = y (8ao + Sai f) (ig.^t' + I„ a,,) dx 
-I 

-I . 

^/-{['=(^-f^l)-.(f-lj]. 

^ ^ ^={[1 (f - f ^ ?) - (I - 1) <^.'>=}' . 

With 
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and 



2ia 1 m-1 (m-3) 2 /m 1' 
+ — + 



9 9 5 3~ni 9 
it follows, finally, that 

0 = SCTo / (Tb dx 
-I 



2 /m 1\ 

3 \3 " 5/ 



-(f-|)v]}- 



If tke parameters 



(272) 



35m - 21 



W 



3521 - 42m + 15 
are introduced as "before, equation (272) .can be written 



0 = Sag / or-jj dx 



-I 



+ 50-, 




-I 



(Equation continued on p. 6l) 
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I 3ff 



is A 

I 3G 



-I 



(273) 



Sine© s is independent of cTq and a-b so far as equi- 
litirium conditions are concerned, t-he same is true for 
6s and, in order that equation (l2) Tse true, it is there- 
fore necessary that the integrand of the third integral 
Vanish. Furthermore, "because of this independence, the 
integrated part of equation (273) _has t.<? vanish Individu- 
ally, Hence, if for equation (265) is again intro- 
duced, the f-*llowing set of equations is finally obtained: 



0 = So-p / la^(x) + cr„ + y^. -r I dx 




(x) + ao + CTi I +-2 ^ ^ ; [sr^'Cr) 

„ (I _ B'(x)j jdx ' (274) 



s"(x) - s(x) = Z7^ a^"(x) (275) 




(276) 



As in the statically determinat"© case, equations (275) and 
(276) are the differential equations with boundary condi- 
tions for the shear-lag function s(x). The new result 
is contained in equation (274), which represents one or two 
conditions according to whether cr^ and cr^^ are depend- 
ent, upon each -sther and which, therefore, in either case 
is suffi'cient to determine (Jq and CTi . 

At this point, it seems heat^ to consider separately 
the various cases corresponding to a beam with two fixed 
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ends and a beam vrith. one end fixed and one end ■ simply sup- 
ported and to consider specific es^-mple s ■ sliowing • the ef- 
fect of the shear deformation of the cover sheets on the 
stress di stri'butioa and, in particular, on the momSnt dis- 
trlhution. 

BBiJi'viTH BOTH BITDS BUILT IIT 



No relation "between ct^ and cTj, follows from eoLUillh 

rium considerations and' consequently equation (274) is 
equivalent to two separate conditions. The integrals in- 
volving" ffgd)" vanish "betause of the conditions of sup- 

3 . . . 

port, since = constant . and where in this connec- 

d2C 

tion V/ stands for the deflection of the "bean" 




dx ;= 




Idw 
Lx 




- w 



= 0 



I -I ■■ ■ ■ -l 



The "boundary conditions of equation (276) assume their 
proper form if, for fixed suppoplis, the multipliers of 
6s(l) and of 6b(-1) vanish. if the integration in 
equation (274) is carried out, therefore, the complete 
system of equations (274) to (276) reduces to 

% = 0 (277) 



2 

3 a, 



■il 



bHx) - -4 s(x) = 3X^ <y^Hx) (275) 

If 



X = ± I, s'(x) - (o'fe'(x) + y) =0 (279) 

This system of equations indicates immediately that the 
distri'bution of "bending moments as given "by the elemen- 
tary "beam theory remains unchanged if th& load and there- 
with the moment di stri"bution is symmetrical a"bout the 
middle of the "beam "because, for t'his to "be the oa^e, a 
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must Vanish while (J^ vanishes as the consecLuence of the 
least-work conditions. 

In order for the hending moment distribution of the 
built-in end "beam to he affected hy shear lagi it is 
therefore necessary that the load distribution be asym- 
metrical about the center of the beam. 

The following examples will be solved explicitly: 

(l) beam with uniform distribution of load (case "43) 

(s) beam with ant i symme tr ical deflection of both 
ends (case 44) 

(3) beam with antisymmetrical linearly distributed 
load (case 45; 

3?he first example is taken because it is one for which 
shear lag is of gur.prising magnitude. The second example 
is taken because it illustrates the way in which modifi- 
cation of the moment distribution due to shear lag is 
connected with a reduction' of- effective beam stiffness. 
The third example is taken- t-o illustrate the way in which 
the effective moment distribution depends on the distribu- 
tion of load. 

The following results are obtained for the three cases 



(a) I'pr the distribution of stress according to ele- 
mentary beam theory 



Case 


ae(x)/arg(0 


lo-e' (x)/o-e(l) 


l^o-^"(x)/ag(l) 
— 


43 




. ^ 

3 ^ 

.1 


3 


44 


X 

T 


i 


0 


45 


Z fx 5 x=\ 
2^1' 3 1=^/ 


- i (l - 5 4) 


. 15 ^ 
I 



(b) For the. general form of the shear-lag function s, 
which follows from equation (275), 
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i(x) = cosh. K — + Cg. sinh K — + 

% 1r 



(280) 



If the symmetry conditions are ohserved and th'e appro- 
priate values of CTq^Cx) are taken, eq^uatien (280) takes 

on the forms 
Case 



43 



44 



45 



Gj. cosh K 9 



Oa sinh. K — 



K 



Oa sinh K — 45 



If these expressions are substituted in. the houndary o'cndi- 
tions of equation (279), th^re follows for 0^, if in addi. 
tion CTgd) =1 is set 

Case 



43 



0, = 



0. = 



9X' 



K sinh K 

37^ (1 -f ai) 
K cosh K 



45 



Ca = 



(6 + CTi - 15/K ) 



K cosh K 



iThe shear-lag function s hecome.s in the three cases 



uase 



i(x) 



43 



44 



45 



s 1 cosh K 



^ L 



sinh K 



1 

K 



3X' 



sinh K 

I 



(l+ai) 

cosh ic 



3X' 



( 



X 

sinh K ~~ 

6+a-- + — ) L 

Vi^y cosh K 



15 X 



(281) 

(282) 
(283) 
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The values of cr^ have now to 'b.-e determined by substitut- 
ing equations (28S} and (283) in equat ion ( 278 ) . If 
2lg/l = 3 ^ m is put, there follows 

Case 



44 



45 



5(tanhK ^k)+2k^ tanh k 



a, = -3 



(3-in) 



l-SA-^ 



1+3 203=^- (^_|) 



tanh K 



(285) 

The distriljution of normal stress in the cover sheets 
is again obtained from ec|.uat-i ens. (264) and (265) in the 

f orm 

. CTx^^c.y) o-e(x) + CTi f e(x) 



a^(l) 



cr«(l) 



with s(x) and cTi given, f-or the cases considered, by 
equations! (28I) to (283). When ag , (T^ , and s are sub- 
stituted in equation (286), it- follows that 



Case 



43 



44 



45 



,2 Viy ~ 2 \3 ~ K I sinh K " K J 



(1 + a,) ^ - _ 4) 3?:l;(i-+ a,) 
I ^3 w^^ K 



sinh K 



1(f) -1(f)* J^)^ 



cosh K 



(287) 
(288) 



(6 cr, + ^) 



sinh Hv 



cosh ..K 



15 X 



(289) 
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The formulas.- CsjB?) to (289) have "been evaluated for a 



typical "beam with J — " = 0.3 (span length, • Si equals 

five times the width 2w for isotropic cover sheet) and 
with equal cf.ntribution of side webs and cover sheets to 
the stiffness of the ■beam (m = 2). From equation (273), 
it follows that for the parameters • = 0.6^0, .and 
K = 6,231. TJh_e values of the end-moment correct i/*^ cJi_ 
have been calculated from' equations (284) and (286) . 
Table XTI contains the numerical results for the distribu- 
tion of stress. !Ehe data contained in table ZVI are given 
graphically in figure 19. 

In order tf> explain the large amount of shear lag 
near the fixed ends of" the beam in the case of the uni- 
formly distributed load, it may be said' that the part of 
the beam hear the fixed ends where the moment curve. is 
pxjsitive can be considered approximately as a cantilever 
beam of correspondingly- shorter span Ig. Since 1^ = 0.4 I 
w/l<3 = (1/5) (10/4) = 0.5. J-rom equations (40) .and (ss), 
it follows, for cr35.( Ijj, 6)/a--p(>Q) for a cantilever beam of 

length \^ and width" 2w with' uniformly distributed load, 
that 



^x^^c.O^ = i „ HI ^ Fk sinh k 1 ^ 
o'b( ^c^ ■ ■ ' " ■ re^ I- ~ 



1 - m 



and with 




crj.( 0) • 

• = 1 _ 2 X 0.83 X 0.666 X 0.5= 0.447 

and this result agrees almost exactly with the correspond- 
ing stress ratio obtained for the longer .beam with both" 
ends fixed, " ' - . .-_ ... 

In case 44, one-half the be&m behaves appr 'Jximately 
as the corresTJonding cantilever with concentrated end load 
and the amount of shear lag bears out this analogy. (See 
fig. 19(b).) 
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Tor tiie linearly distrilDuted ant i symmetrical distrl^ 
Tjution of load (case 45), shear lag is even more pro- 
nounced than for the uniform, symmetrical distribution of 
load. The reason for this condition is that the length of 
the corresponding cantilever is even less, that is, If. = 
0,2 I. ■ . — 

In connection with the modification of the moment 
distriTDution, it is seen that shear lag in the two cases 
considered reduces somewhat the value of the maximum mo- 
ment, in case 44 "by ahout 4 percent and in case 45 "by ahout 
7 percent . 

lahle XTII contains values of cr^/aefi) as a func- 
tion of v/l for three values of m in case. 44 and for 
m s s in case 45, and the data contained in thjs tahle 
are represented in figure 20. 

The- q.uestion arises as to why there is no mod^.fica- 

tion of the moment distribution in-the symmetrical case 
while a modificatian occurs in the Anti symmetrical case. 
While it ie felt that a better physical interpretation of 
this fact should still be attempted, the following dif*- 
forence between the two cases is evident: In the symmet- 
rical case, the possible superimposed state of stress, due 
to (j^, is uniform and involves no shear stress; while 

in the anti symmetr ical case the superimposed state of 
stress, due to cr^^ , is nonuniform, involves shear stress, 

and is thus affected by shear lag. .An explanatitn should 
also be given for the fact that, although the effective 
beam stiffness in the symmetrical case Is reduced owing to 
shear lag near the two supports, this spanwise variation 
of beam stiffness is not responsible in itself for a mod- 
ification of the moment distribution of elementary beam 
theory, according to which the effective beam stiffness 
does not vary, . 

BEAM WITH OHE END BUILT IN AND ONS END SIMPLY SUPPOETSD 



If^it is assumed that the end x = - I is simply sup 
ported, it follows from equation . (365) that 

CTq - ai .= 0 (290) 



and hence 



(291) 
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If equatiflns (290) and (29l) are introduced in the main 
system of eq_uations (374) to (276), it follows from equa- 
tion (274) that 

I ■ ■■ 

Equation (275) remains unchanged, ancE 6q_u.ation (276) sepa- 
rates into the two conditions 

b(-1)^ =0, ■ b' (O; - d:tj ^.(..0 ■= 0 .X.292) 

from equation (292), if it is observed that again 

l" ■ " I- 

• d V 



J ■ cr^(l + f) dx = constant y- ^(l + f ) dx 

— I 

■ = constant 



= 0 



hecause of the conditions of . support , ■ the ■ eqtiatiod deter- 
mining CJ^, can be written as . 

2 ^^'l 



3 



Since the calculation of examples from thi s point p r oceeds 
exactly as for the heaja with two fixed ends and since no 
"basically different results are to he expected, no such 
calculations have "been made here. It should he ntited^, 
however, that one of the cases consider ed . for the beam 
with fixed ends namely , the case , of . linear antis.ymmetri- 
cal load distribution, includes the .case of a beam with - 
one end fixed and one end "simply supported' if the portion 
of the beam to the right or. tq the left of the .center sec- 
tion Is considered a separiate entiity. 
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The following conclusions with regard to the pro*blem 
of shear lag in cantilever "box "beanis may "be drawn. 

The shear deformation of the cover sheets may "be re- 
sponsihle, in actual cases, for stress increases of as 
much as SO to 30 percent of the stresses predicted "by the 
elementary "beam theory, 

■The magnitude of the shear-lag effect depends on a 
variety of factors, of which two are found to be of 
greatest influence: 

1. the product of the span: root-width ratio of 
the "beam and of the square root of the ratio of the ef- 
fective shear modulus and of Young's modulus of the 
cover sheet s ( l/2wj^) ( &/E ) ^ ; 

2. the. shape of the curve pepre sent ing—the product 
of the spaiawise sheet normal stress of elementary beam 
theory and of- the thickness of the cover;, sheet , tcr-jj. 

« 

The magnitude of the shear Xag increases with de- 
creasing values of ( l/Swj^) (G/B ) 

Negative curvature of the ta-jj-curve indicates rel- 
atively little shear lag while positive curvature indi- 
cates -appreciable shear lag. 

The present work indicates that taper in beam width 
is of importance only insofar as it af-f«cts the fuaxstion 
tai). Sufficiently accurate results may be obtained by ana- 
lyzing, instead of the beam with width taper, a substi- 
tute beam of uniform width equal to the root width of the 
tapered beam. 

The present work also indicates that tapep in cover- 
sheet thickness ia of appreciable importance and' should 
not be neglected in the analysie. Especially noticeable 
shear-lag effects occur at sections where a discontinuous 
change of cover-sheet thickness takes place. 

The effect of taper in beam height is incorporated 
entirely in the function ta-fe. 

It is found that within the practical range the effect 
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of a otiange »f the relative stiffness of the cover sheets 
and of the side wehs including flanges is very small, so 
that further calculations may he hased on the assumption 
of eq^ual re^lative- 'fitiffneBses. ■ • 

It is thought that by giving the explicit results 
for a good many sample cases, an idea is given to the de- 
signer of the magnitude of the effect and of its depend- 
ence on- design data. The results of the. calculations 
should prove useful alsn for reasonable estimates in those 
cases where conditions are somewhat different from the 
ones which were considered here. 

H"© treatment has "been given to problems involving 

beams with«ut symmetry about a spanvise vertical plane. 
The pros^aoe nf a slight degree of such unsymaetry is be- 
lieved to be of little influence on the amount of shear, 
lag present. It would, however, be feasible to extend the 
analysis to distinctly unsymmetrical beams and to evaluate 
some typical cases* 

■L further possible extension of the work would con^ 
sist in the analysis of beams under combined bending and 
torsion loads. Such an extension offers no essential 
difficulty. It Is believed, however, that if a loading is 
separated into a bending component and into a torsional 
component it will be found that shear lag' due to. the tor- 
sional component is considerably less marked than that 
due to the bending component. 

A further part of the problem which so far has not 
been investigated is the effect of camber on shear lag. 
It is possible to extend the work in this direction and 
to analyze some typical arrangements. A reasonable pro- 
cedure, which analysis -should prove to be correct, is 
thought to be a modification of the stresses of the ele- " 
mentary theory in the cambered beam by means of the calcu- 
lated shear-lag effect for the beam iirithout camber. 
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TABIS I.- HOtOUL STRESSES ALOBG IBS EDQE iSD AI0HG THE CERTER ZJHIC Or COVER SHEETS FOR 
BEAUS OF UHIFOBU GROSS SSOTIOH. 





F. 


f. 






0 


0 


0 


0 


0 


0.1 


;oi 


-.048 


.042 


-."006 


0.2 


.04 . 


-.072 


.088 


.016 


0.3 


.09 


-.082 


.146 


.063 


0.4. 


.16 


-.082 


.216 


.133 


0.5 


.26 


-.073 


.298 


.226 


0.6 


.36 


-.049 


.393 


• 344 


0.7 


.49 


-.003 


.492 


• 489 


0.8 


.64 


.086 


.685 


.668 


Q.g 


.81 


.250 


.643 


.893 


1.0 


1.00 


.658 


.628 


1.186 


a/l 


f4 








Q 


Q 




0 




6.126 


.002 


-.036 ■ 


.026 


-.010 


0.260 


.016 


-.071 


.063 


-.008 


0.376 


.053 


-.099 


.119 


.020 


0.800 


.125 


-.114 


.201 


.08? 


0.626 


.244 


-.099 


.310 


.211 


0.760 


.422 


-.019 


.436 


.416 


0.876 


.670 


.201 


.536 


.737 


0.960 


.667 


.464 


.648 


1.012 


Q.976 


.927 


.686 


.637 


1.122 


1.000. 


1.000 


.728 


.616 


1.243 


f/V 




f »a. 




«v«.-'3/«; 


0 


0 


0 




0. 


0.1 


• 1 


.001 


• 099 


•100 


0.2 


.2 


.002 


.199 


.201 


o.s 


• 3 


.004 


• 297 


• 301 


0.4 


.4 


• 008 


• 396 


.403 


0.6 


.6 


• 015 


• 490 


.605 


0.6 


.6 


• 027 


• 682 


.009 


0.7 


.7 


.061 


.666 


•717 


0.8 


.8 


.096 


.736 


.832 


0.9 


.9 


.178 


•781 


.969 


1.0 


1.0 


• BB8 


•YyB 


T Til 
1.1X1 




F« 


f» 






0 


0 


0 


0 


0 


0.1 


0 


-.018 


.012 


-.006 


0.2 


0 


-.043 


.029 . 


-.014 


0.8 


0 


-.086 


.057 


-.028 


0.4 


0 


-.182 


.108 


-.064 


0.48 


0 


-•221 


.148 


-.074 


0.5 


0 


-•303 


.202 


-.101 


0.66 


.1 


-•204 


• 236 


.032 


0.6 


.2 


-.124 


.283 


.159 


0.7 


.4 


-.006 


.397 


.402 


0.8 


.6 


.136 


.609 


.645 


0.9 


.8 


.321 


.686 


.907 


1.0 


1.0 


.636 


.577 


1.212 





X/I. 












0 


0 


0 


0 


0 




0.1 


.02 


-.078 


.072 ' 


-.006 




0.2 


.08 


-.101 


.147 


.046 




0.3 


.18 


-.079 


.233 


.154 




0.4 


.32 


-.002 


.322 


.320 




0.5 


.50 


.159 


.394 


.553 




0.6 


.62 


.026 


.503 


.329 




0.7 


.66 


-.011 


.587 


.576 




0.8 


.68 


• 034 


• 657 


.691 




0.9 


.82 


.179 


.700 


.379 




1.0 


1.00 


.481 


.679 


1.160 
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TABXiC II.- EFFECTIVE VIDTH AT BUILT-IR END OF BEAH OF UNIFORM CROSS SECTION. 



0 

0.075 
O.160 
0.226 
0.30C 
0.375 
O.450 
0.600 
0.75C 
0.90c 



0 

0.076 
Oil50 
0.226 
0.300 
0.376 
0.450 


24.922 
12.461 
8.307 
6.231 
4.984 
4.164 


0 

.160 
. .306 
.439 
.561 
.676 
.788 


1.000 
.899 
.816 
.746 
.686 
.632 
.584 


0 

0.15 
0.30 
0,46 
O.Oi 
0.76 
0.90 






K 






ifiH - 

Yaz4 t. 




0 

0.075 
0.150 
0.226 
0.300 


24.922 
12.461 
8.307 
6.231 


0 

.230 
.425 
.669 
.728 


x.ooo 

.858 
.762 
.672 
.609 


0 

0.226 
0.460 
0.676 
0.900 






K 






V Jit t, 




0 

0.076 
0.160 
0.226 

0.300 
0.379 
0.460 
0.600 
0.76C 
0.900 


24.922 
12.461 
8.307 
6.231 
4.984 
5.154 
3.116 
2.492 
2.077 


0 

.083 
.166 
.249 
.332 
.416 
.498 
.662 
■ .819 
.966 


1.000 
.946 
.896 
.84? 
.801 
.767 
.715 
.638 
.671 
.613 


0 

0.075 
0.160 
0.226 

0.300 
0.376 
0.450 
0.6O0 
0.760 
0.900 


1* 



l»nai.fl 



(^)u 



30.364 
16.182 
10.121 
7.691 
6.073 
5.061 
3.798 
5.036 
2.630 



0 

.101 

.202 
.304 
.405 
.506 
.607 
.809 
1.007 
1.199 



1. 000 
.936 
.877 
.824 
.776 
.731 
.689 
.616 
.663 
.600 



0 

0.075 
0.150 
0.226 
0.300 
0.375 
0.460 
O.6O0 
0.760 
0.900 



V«<: I 


K 






I 3X6. % 


0 




0 


1.000 


0 


0.075 


21.560 


.072 


.963 


0.076 


0.150 


10.780 


.144 


.906 


0.15C 


0.226 


7.167 


.216 


.661 


0.225 


O.3O0 


6.390 


.287 


.817 


0.300 


0.375 


4.512 


.359 ' 


.774 


0.376 


O.450 


3.693 


.431 


• 732 


0.460 


0.6O0 


2.695 


.570 


.653 


0.600 


0.760 


2.165 


.700 


.582 


0.760 


O.9O0 


1.797 


.816 . 


.521 


0.900 
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TABLE III.- KESULTAHT STHBSS DI8THIBUTI0H FOR BEAUS WITH TAPER IH HEIGHT. 



x/l 






eYit,o)/6i 


e<5(,w)/fl 


n 

\j 




V 


1/ . . 


U 


U . CO 








AO*? 






• r ^ 


AT Q 


• 


vj.ro 


• Ow f 


• U r W 


• OU4- 


QQ A 
■ OOv 


0 .85 




• i.Ufc 


AA.O 




0,90 


• 947 


1 9? 

• 


■ ODO 




0.95 


• 974 


.158 


.869 


1.027 


1.00 


x.coo 


.202 


.866 


1.067 


X/l 






G-fj'.oVir, 




0 


0 


0 


0 


0 


0.26 


.100 


-.076 


.151 


.075 


0.50 


.333 


-.042 


.361 


.319 


0.75 


.643 


.061 


.602 


.663 


0.8S 


.781 


.157 


.677 


.833 


0.90 


• .863- 


.230 


.699 


.929 


0.95 


.926 


.329 


.706 


1.035 


1.00 


l.QQO 


.463 


. .692 


1.164 



TABIE IT.- STRESS RESULTAHTS FOR BEAU TITH DISOOHTINUOUS CHANGES IN OOTER-SHEET THI0ENES8. 



0 


0 


0 


0 


0 


0.125 


.126 


.009 


.119 


.128 


0.260 


.250 


.024 


.234 


.268 


0.376 


.376 


.058 


.338 


.393 


O.5C0 


.600 


.120 


.420 


.540 


0.625 


.626 


.081 


.571 


.652 


0.760 


.760 


.093 


.688 


.781 


0.875 


.875 


.165 


.765 


.930 


1.000 


1.000 . 


.342 


.772 


1.114 


x/1 


TP, 


Tf, 






0 


0 


o 


0 


0 


0.125 


.016 


-.048 


.047 


-.0003 


0.250 


.063 


-.053 


.101 


.043 


0.375 


.141 


-.036 


.165 


.129 


o.eoo 


.250 


.030 


.230 


.260 


0.625 


.391 


.007 


.386 


.393 


0.750 


.563 


.067 


.525 


.581 


0.875 


.766 


.211 


.625 


.836 


1.000 


1.000 


.567 


.622 


1.189 


X/l . 


TP,e 


Tf.. 






0 


0 


0 


0 


- 0 


0.125 


.014 


-.056 


.051 


-.004 


0.250 


.063 


-.077 


.114 


.037 


0.500 


.260 


-.065 


.293 


.228 


0.625 


.391 


-.023 


.406 


.383 


0.750 


.563 


.072 


.615 


.686 


0.800 


.640 


.136 


.549 


.686 


0.826 


.681 


.177 


.563 


.740 


0.860 


.722 


.224 


.573 


.797 


0.875 


.766 


.280 


.579 


.859 


0.900 


.810 


.346 


.680 


.925 


0.928 


.856 


.398 


.590 


.988 


0.950 


.902 


.463 


.594 


1.057 


0.975 


.951 


.542 


.689 


1.131 


1.000 


1.000 


.637 


.575 


1.212 
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TABUC v.- HORUAL STRESSES TOR BEAMS WITH OOKOENTRATED TIP LOAD. 



x'/l 










0 


0 


0 


0 


0 


0.126 


.222 


.036 


.199 


.234 


o.eso 


.400 


.040 


.374 


.413 


0.376 


.646 


.039 


.519 


.558 


0.500 


.667 


.039 


.640 


.680 


0.750 


.887 


.061 


.817 


.877 


0.875 


.935 


. 100 


.867 


.967 


1.000 


l.OCO 


.185 


,876 


1.062 





... - 


fa 




















0 


0 


0 


0 


0 




0.125 


.395 


.112 


.320 


.433 




r:.250 


.640 


.lod 


.567 


.676 




0.376 


.793 


.090 


.734 


. .eg3 




0.5C0 


.889 


.07i 


.841 


.915 




0.750 


.980 


.Oi6 


.949 


.995 




0.875 


.996 


.036 


.970 


1.008 




1.000 


l.CCO 


.034 


.977 


1.011 









f.i 






0 


2.000 


0 ' ■ 


2.000 


2.0O0 


0.12S 


1.776 


-.036 


1.801 


1.766 


0.250 


1.600 


-.040 


1.626 


1.587 


0.376 


1.466 


-.039 


1.481 


1.442 


O.50O 


1.333 


-.039 


1.360 


1.320 


O.750 


1.143 


-.061 


1.183 


1.123 


0.876 


1.067 


-.lOOr 


1.133 


1.033 


1.000 


l.OOC 


-.18ff 


1.124 


.938 
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TABLE VI.- HORUAL STRESSES FOR BEAMS WITH UNIFORMLY DISTRIBUTED LOAD. 



x7t 


^5- 










0 


0 


0 


0 


0 




0.125 


.028 


-.036. 


.051 


.016 




0.260 


.100 


-.038 


.126 


.037 




0.376 


.205 


-.033; 


.226 


.194 




0.600 


.333 


-.081 


.347 


.326 




0.760 


.643 


.062 


.602 


.664 




0.876 


.817 


■ .187 


.692 


.879 




1.000 


1.000 


.449 


.701 


1.160 




xVl 












0 


0 


0 


0 


0 




0.126 


.049 


-.042 


.077 


.035 




0.250. 


.160 


-.030 


.180 


.150 




0.375 


.298 


-.012- ■ 


. 305" 


.294 




0.500 


.444 


.007 


.439 


.447 




O.750 


.735 


.076 


.684 


• 760 




0.875 


.871 


.162 


.763 


.925 


c 


1.000 


1.000 


.337; 


. .776 


1.112 





0 0 0-0 0 

0.125 .125 .000 ■ .126 ' .125 

C.260 .250 .001 .249 .250 

C.375 .376 .003 .373 .376 

0.500 .500 .009: .494 .503 

0.750 .750 .061 .709 .770 

0.875 .875 .143 .779 .923 

1.000 1.000 .317. .789 1.108 
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i 7IX.- NORIUL STRESSES FOR BEAKS TITH LIHEARLT IHGRBA8IH0 1 












.0 


0 


0 


0 


0 


0.1S5 


.003 


-.021 


.017 


-.003 


O.Z60 


.026 


-.040 


.052 


.012 


0.375 


.077 


-.056 


.114 


.058 


0.500 


.167 


-.063 


.208 


.146 


0.750 


.482 


.026 


.465 


.491 ■ 


0.875 


.715 


.217 


.570 


.787 


1.000 


1.000 


.649 


.568 , 


1.216 




P». 


fu 






0 


0 


0 


0 


0 


0.128 


.006 


-.028 


. .026 


-.003 


0.250 


.040 


-.047 


.070 


.025 


0.375 


.112 


-.054 


.148 


.094 


C.500 


.2S2 


-.049 


.255 


.206 


0.760 


.551 


.048 


.619 


.567 


0.875 


.762 


.212 


.621 


.833 


1.000 


l.COO 


.551 


.626 


1.187 






f» 






0 


0 


0 


0 


0 


0.126 


.016 


-.028 


.034 




0.260 


.063 


-.039 


.088 


.050 


0.375 


.141 


-.044 


.170 


.126 


O.SOQ 


.260 


-.042 


.278 


.236 


0.750 


.663 


.044 


.633 


.577 


0.S75 


.766 


.202 


.651 


.833 


l.OOC 


l.COC 


.549 


.634 


1.L83 


- HQRltAL STRESSES 


FOR BEAUS VITH OORCEHTRATXO 


U>AD AT 


^7^ 




■ 







0 0 

0.125 0 

0.260 0 

0.378 0 

0.600 0 . 

0.626 .308 

O.750 .571 

0.875 .800 

1.000 1.000 



0 


0 


.0 


-.007 


.005 


-.002 


-.028 


.019 


-.009 


-.091 


.061 


■-.030 


-.267 


.178 


-.089 


.049 


.275 


.324 


.128 


.486 


.614 


.274 


.617 


.891 


.538 


.642 


1.179 













0 


0 


0 


0 


0 


0.125 


0 


-.009 


.006 


-.003 


0.250 


0 


-.033 


.022 


-.011 


0.376 


0 


-.107 


.071 


-.036 


O.500 


0 


-.312 


.208 


-.104 


0.625 


.379 


.126 


.295 


.421 


0.750 


.653 


.173 


.538 


.711 


0.875 


.853 


.273 


.671 


.944 


1.000 


1.000 


.444 


.704 


1.148 
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TABU IX.- lOBHAL BTHESSES BEAI[3 TITH OinFQHIIZ,Y 
BXSTRIBtJTKD UOAO. 



HORlUt STHSSSES FOR WUHBB VITH UITIFORHLr DISXEIBDTSD 

WAD AMD vuBcnaa srimsss vtRAUsnSB.- 



IB 





r 








0 


0 


0 


0 


0 


.063 


.02£ 


-.017 


.034 


.017 


.167 


.074 


-.01^ 


.085 


.069 


.£50 


.143 


-.014 


.168 


.138 


.5SS 


.m 


-.012 


.250 


,21B 


■ BOO 


.400 


-.002 


.401 


.399 


.667 


.593 


.028 


.674 


.602 


.760 


.690 


.062 


.648 


.710 


.655 


.794 


.122 


.712 


.834 


.917 


,896 


•220 


.749 


.970 


l.OOO 


1.000 


.379 


.747 


1.126 


X A 


C 


£ 






0 


0 


0 


0 


0 


.083 


.071 


-.024 


.087 


.063 


.167 


.198 


-.002 


-195 


.197 


.260 


.3S7 


.014 


.317 


•331 


.333 


,444 


.024 


,428 


• ^wc 


.500 


.640 


.035 


.617 


.652 


.667 


.790 


.OiB 


.768 


.006 


.760 


.849 


.061 


.808 


.060 


,833 


.907 


.084 


.851 


.936 


-917 


.906 


.123 


.874 


.997 


l.OOO 


1.000 


.166 


.877 


1.062 


x"/L 


Ht 


fx. 






0 


0 


0 


0 


0 


o.iee 


.les 


.0001 


.126 


.126 


0.29 


.250 


.0007 


.260 


.260 


0.373 


.375 


.001 


.376 


.378 


0,600 


.600 


.004 


.497 


.501 


0.626 


.626 


,017 


.614 


.631 


0.760 


.760 


.051 


.716 


.767 


0.876 


.876 


.132 


.707 


.919 


1.000 


1.000 


.299 


.800 


1.100 







714 






0 


0 


0 


0 


0 


0.126 


.028 


-.042 


.043 


.001 


0.250 


.100 


-.041 


.115 


,074 


0.378 


.205 


-.037 


.218 


.181 


0.600 


.333 


-.031 


.346 


.314 


0.628 


.481 


-.016 


.486 


.471 


0.760 


.643 


.QS6 


.630 


.666 


0.076 


,817 


.200 


.743 


.943 


1.000 


1.000 


.701 


.743 


1.444 


M 




lit 






0 


0 


0 


0 


0 


0.126 


.049 


-.068 


.069 


.016 


0.250 


.160 


-.035 


.172 


.139 


0.37S 


.298 


-.014 


.303 


•289 


0.600 


.444 


.002 


.444 


.446 


0.623 


.692 


.021 


.584 


.605 


0.760 


.736 


.oao 


.718 


.773 


0.870 


.871 


.173 


.806 


.980 


1.000 


1.000 


.606 


.814 


1.320 


* / • 


♦ 1 


f.. 






0 


0 


0 


0 


0 


0.186 


.028 


-.029 


.057 


.028 


0.260 


.100 


-.033 


.133 


.100 


0.376 


.208 


-.027 


.231 


.205 


0.500 


.553 


-.012 


.346 


.533 


0.626 


.481 


.016 


.465- 


.481 


0.760 


.643 


.069 


.574 


,643 


0.876 


.817 


.166 


.662 


.817 


1^000 


1.000 


.336 


.664 


1.000 


;c''A 


6* 


f» 






0 


0 


0 


0 


0 


0.126 


.049 


-.033 


.003 


.049 


0.^0 


.160 


-.026 


.185 


.160 


0.376 


.298 


-.006 


.306 


.298 


0.600 


.444 


.012 


.433 


.444 


0.626 


.592 


.038 


.553 


.592 


0.760 


.736 


.079 


.666 


.733 


0.075 


.S71 


.MO 


.726 


.871 


1.000 


1.000 


•260 


.740 


1.000 
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TABI£ ZI.-NQRUAL STRESSES FOR BEAMS WITH nVIFORU LOAD. 



\j 


Q 


Q 


n 

■ \j 


Q 






— •060 


• V/OO 


. yjoo 


0 « 250 


, 160 


— •042 


1 fin 


• XtcO 


u • 0 r u 




— •030 


• ox ( 


9ftA 


0 • 5Q0 




— •002 




AAA 


0« 625 


« 592 




* «J I X 




0.750 


• 735 




. w r s 


»766 




• 871 


■ KX ■ 






1.000 


1.000 


.463 


• 692 


1.154 


xVL 


^4 


64 






0 


0 


0 


0 


0 


0.1S5 


.088 


-.058 


.127 


.068 


O.S50 


.256 


-.024 


.272 


.248 


0.376 


.433 


.010 


.426 


.436 


0.500 


.593 


.037 


.568 


.605 


0.625 


.728 


.065 


.685 


.750 


0.760 


.840 


.107 


-758 


.875 


0.875 


.929 


.188 


.604 


.992 


1. 000 


1.000 


.348 


.768 


1.116 



TABIS XII.- HORUAL STRESSES FOR BEAUS WITH HO SPAinriSE 7AHIATI0H OF EXTREME FIBER STRESS. 



0 


1 


0 


■ 1 


1 


0.126 


1 


•oil 


.993 


1.004 


O.260 


1 


.013 


.991 


1.004 


0.375 


1 


.016 


.990 , 


i.ooe 


O.500 


1 


.018 


.989 


1.006 


0.625 


1 


v026 


.983 


1.009 


0.750 


1 


.044 


.971 


1.015 


0.875 


1 


.083 


.944 


1.028 


1.000 


1 


.164 


.891 


1.066 


x% 










0 


1- 


.0501 


.967 


1.01.7 


0.125 


1 


.0501 


.967 


1.017 


0.250 


1 


.0502 


.967 


1.017 


0.375 


1 


.0510 


.966 


1.017 


0.500 


1 


.0550 


.963 


1.018 


0.626 


1 


.0680 


.955 


1.023 


0.750 


1 


.1010 


.932 


1.034 


0.875 


1 


.1740 


.884 


1.066 


1.000 


1 


.3160 


.790 


1.106 
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TABLE XIII.- NORMAL STRESSES FOR BEAMS WITH LIHEAR AND Q.UADRATIO THIOKHISS TAPER. 





Pi7 








0 


0 


0 


0 


0 


0.125 


.1S5 


.003 


.123 


.126 


O.S50 


.260 


.008 


.244 


.253 


0.375 


.375 


.017 


.363 


.381 


0.500 


.500 


.036 


.477 


.512 


0.625 


.6S5 


.071 


.678 


.649 


0.750 


.750 


.144 


.654 


.798 


0.875 


.875 


.324 


.d69 


.983 


1.000 


1.000 


.609 


.594 


1.203 


x-A 


% 


- 4. 






0 


1 


2.070 


-.380 


1.690 


0.126 


1 


1.268 


.161 


1.419 


0.250 


1 


.799 


.468 


1.266 


0.375 


1 


.535 


.643 


1.178 


0.500 


1 


.389 


.741 


1.130 ■. 


0.6S5 


1 


.322 


.786 


1.107 


0.750 


1 


.298 


.801 


1.099 


0.876 


1 


.377 


.749 


1.126 


1.000 


1 


.662 


.559 


1.221 













0 0 0 0 0 

0.125 .125 .007 .121 .127 

0.260 .260 .016 .239 .255 

0.375 .375 .032 .354 .380 

0.500 .500 .060 .460 .620 

0.626 .626 .115 .649 .663 

O.750 .760 .220 .603 .823 

0.875 .875 .427 .690 1.017 

l.OOO 1.000 .537 .442 1.279 



TABLE XIT.- EFFEOTIVE SHEET WIDTH AT THE FIXED EHD OF A BEAM WITH SHEET -THICKNESS TAPER. 



0 

0.075 
0.160 
0.225 
0.300 
0.375 
0.460 



24.922 
12.461 
6.307 
6.231 
4.984 
4.154 



0 

.163 
.319 
.467 
.609 
.742 
.867 



1 

.897 
.809 
.729 
.662 
.604 
.553 



.IB 
.30 
.45 
.60 
.76 
.90 





K 


0 




0.076 


24.922 


0.150 


12.461 


0.225 


8.307 


0.300 


6.231 


0.375 


4.984 


0.450 


4.154 



^ f^co ^ 



^5 — : — : — I f5 

.166 .895 0.15 

.332 .801 0.50 

.498 .715 0.45 

.662 .636 . 0.60 

.806 .676 0.75 

.948 .519 0.90 




0 O 1 0 

0.075 24.922 .239 .862 0.225 

0.150 12.461 .468 .735 0.450 

0.226 8.307 .668 , . .640 0.675 

0.300 6.231 .837 .664 0.900 
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TABLE XT.- EFFS0TI7E WIDTH AT THS SGCTIOH OF UAXIItUU BENBIKO IlOllENT FOR 
BEAMS Off TWO SIKaiB SyPPORTS. 



C«M 42*. 




1 


1 


.895 


.863 


.801 


.743 


.715 


.642 


.638 


.560 


.571 


.494 


.513 


.442 



0 

,0.15- 
0,30 
0.45 
0.60 
0.75 
0.90 



1 

.979 
.921 
.841 
.755 
.672 
.599 



1 

.982 
.932 
.866 
.771 
.687 
.612 



TABI£ Xn.- NOiyUI. STRESSES FOR A BEAU WITH BOTH ENDS BUILT IH. 



xA. 










0 


-.50 


-.40 


-.55 




0.2 


-.44 


-.34 


-.49 




0.4 


-.26 


-.17 


-.31 




0.6 


.04 


.09 


.02 




0.8 


.46 


.38 


.60 




0.9 


.71 


.46 


.84 




1.0 


1.00 


.44 


1.28 




X/X 


Fiji, 








0 


0 


0 


0 




0.2 


.192 


.192 


.192 




0.4 


.384 


.382 


.385 




0.6 


.575 


.559 


.683 




0.8 


.766 


.705 


.796 




1.0 


.957 


.745 


1.062 




x/l 










0 


0 


X) 


0 


. 0 


0.2 


-.28 


-.294 


. -.196 


-.343 


0.4 


-.50 


-.529 


. -.347 


-.620 


0.6 


-.56 


-.403 


-.197 


-.506 


0.8 


.08 


.024 


.053 


.010 


0.9 


.47 


.405 


.135 


.535 


1.0 


1.00 


.928 


.063 


1.360 



TABLE RELATIVE DE0REA8E IIT ESSE llOllEIIT-cr■J/{,a^^)^■^Jem ^ "^^ SHEAR LAG. 















C«.»t 'IS- 




•m -1 


rrv-a 1 






0 


0 


0 


0 


0 


0.2 


.09 


.04 


.02 


.07 


0.4 


.27 


,13 


.06 


.24 


0.6 


.43 


.21 


.10 


.42 


0.8 


.&5 


.27 


.14 


.57 


1.0 


.64 


.32 


.17 


.66 
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and lavs of tapox. 

M 

I* 

« 

9 



1 



NACA Technical Note No. 893 



Fig. 3a 




Figure 3 (a to d ) . ~ Stress diagrams showing effect of load 

distribution for a beam of uniform 
cross section. U l/w) (6 &/E)i/a!= 7,5; m = 2.^ 




figure 3,- Continued* 




Figure 3.- Continued. 
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(Case 3T3 . ) 
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Figure 3.- Concluded. 




•1 -2 '.3 .4 f^y, -5 .7 . .B .9 

Piguro 4.- EffQctivo width at root sections of l)oam6 with' imlform croBs section for different load 
conditions, (w/L is ratio of half width of 'boaffl to distance of center of gravity of load 
CUTTO from root section) 




Figure Stress diagram for a Tseam with uniform cross 

section carrying a combination of uniformly 
distributed load and concentrated load at midspan. 
Ql/w)(6 &/E)-/3=7.5; m = 2.3 . 
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Jig, 6a 
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Pig. S'b 



1.2 




0 .2 .4 3- 

Case 7. CUniformly distriljuted load) 
Figure 6.^ Concluded. 
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lig. 7a 
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.2 

(Caso 9.) 
figure v.- Contimied. 
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Tig. 8a 




Cases 1.1 and 17. 



I'igure 8(a to c).- Stress diagrams showing effect of 

taper in beam width and Taeam height. 
(Concentrated tip load.) ITl/wa ) ( 6(r/E ) ^-"^7 . 5 ; wgi/wjj^ = 
0.5; m = I 
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Pig, €-b 




Figure 8.- Continued. 




Figure 8.- Concluded. 
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Fig. 9a 
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0 .3 •'^x.**^ •'••^ 

(Oases 15 and 21) T 



Pigure 9(a to c), - Stress diagrams showing effect of taper 

in 'beam width and "beam height. (Uniformly 
distrihuted load). R l/wg ) (60/B )^2 —7 ^ 5 . w^/wj^ = 0.5; m = 2] 
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Fig. 
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1.2f 




figure 9.- Concluded. 
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Pig. 10a 
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Case 19. 

?iguxe 10(a to c).- Stress diagrams showing effects of taper in beam 
^ width and height (linearly increasing load)_. _ 

[]X l/wji) C6G/e)2 = 7.5; wrp/wjj = 0.5; m =3 3) 




Figure 10.- Continued. 
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i-ig. 11a 
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(Case 23.) 
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Figore 11 (a to b) Stress diagrams showing effects of taper in 136301 
^ , ,1 width and height. (Concentrated load at midspan) . 

[( ywj^) (6G/E)i = 7.5; w^/wjj = 0.5; m = 2I 
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(Case 24.) 
figure 11.- Concluied. 




ffigure 12 (a t*© ic), - St r e s s diagram showing effects of 

incre.asecL width, taper. (Uniform 
load distrihution. ) |(^l/wji) C6G/e _ 7^5. ^ = Sj 
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Pig. 12-6 
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(Case 29, [m = ia;H = 1 )] 
Figure 13.- Stress diagrams showing effect of extreme, 

(a to d) changes of stiffness parameter on (uniformly 

distributed load) [( l/wj^) ( 6 G/]E)^= 7.5' w^/w^ = 0 . 5 )j 




figure 13.- Oontinued. 
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Fig. 13c 




Figure 13.- Continued. 



HAOA Technical ETote Wo. 893 



rig. 13d 





Figure 14(a to b ) . - Stress diagram showing effect of 

simultaneous taper in width, height 
and cover pheet thickness. (Uniform load distrihutrdn . ) 
£l/wp)C6&/E)l/s = 7.5; m = 2. w^j/wj^ = 0.5; Ta^/Tj^ ^ q . s] 




Figure 14.- Concl-uded. 




ffigure 15(a to } . - Stress diagrams showing effect of cover 

_ sheet thickness tR'-er. 

7 . 5 ; m = 2] 




figure 15.- Conoluded. 
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?ig. 16a 
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Case 37. ji = II 

Figaro 16(a to c).- Stress diagrams showing effect of cover-sheet 

thickness taper, without width or height taper. 
(Solid lines represent stress resultants j dashed lines i strossos.) 
(tl/w)(6G/E)^^2=7.5; m « |] 
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Fig. 16.C 
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yigare '17,- Effective width at root BBction for "beams with tapered and untapcred cover sheet thicSi- 



04 



nosB. (Dashed lines represent effective width aa a function of w/j where these lines do l:^ 



not coincide with solid line&«) 




(m = 2) . 
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Fig. 1913 




figare 19.- Continued. 



